Banach Spaces and Descriptive Set Theory:
Selected Topics

Pandelis Dodos



ii



Preface

These notes are devoted to the study of some classical problems in the geometry
of Banach spaces. The novelty lies in the fact that their solution relies heavily
on techniques coming from descriptive set theory.

The central theme is universality problems. In particular, the text provides
an exposition of the methods developed recently in order to treat questions of
the following type.

(Q) Let C be a class of separable Banach spaces such that every space X in the
class C has a certain property, say property (P). When can we find a sepa-
rable Banach space Y which has property (P) and contains an isomorphic
copy of every member of C?

We will consider quite classical properties of Banach spaces, such as “being
reflexive”, “having separable dual”, “not containing an isomorphic copy of ¢g”,
“being non-universal”, etc.

It turns out that a positive answer to problem (Q), for any of the above
mentioned properties, is possible if (and essentially only if) the class C is “sim-
ple”. The “simplicity” of C is measured in set theoretic terms. Precisely, if the
class C is analytic in a natural “coding” of separable Banach spaces, then we can
indeed find a separable space Y which is universal for the class C and satisfies
the requirements imposed above.

The text is addressed to both functional analysts and set theorists. We have
tried to follow the terminology and notation employed by these two groups of re-
searchers. Concerning Banach space theory, we follow the conventions adopted
in the monograph of Lindenstrauss and Tzafriri [LT]. Our descriptive set the-
oretic terminology follows the one employed in the book of Kechris [Ke]. Still,
we had to make a compromise; so throughout these notes by N = {0,1,2,...}
we shall denote the natural numbers.

We proceed to discuss how this work is organized. It is divided into three
parts which are largely independent from each other and can be read separately.
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iv PREFACE

In the first part, consisting of Chapters 1 and 2, we display the necessary back-
ground and set up the frame in which this work will be completed. The second
part, consisting of Chapters 3 and 4, is devoted to the study of two “gluing”
techniques for producing separable Banach spaces from given classes of Banach
spaces with a Schauder basis. In the third part, consisting of Chapters 5 and 6,
we present two important embedding results and their parameterized versions.

The previous material is used in Chapter 7 which is, somehow, the goal of
these notes. The notion of a strongly bounded class of separable Banach spaces
is the central concept in Chapter 7. Several natural classes of separable Banach
spaces are shown to be strongly bounded. This structural information is used
to answer a number of universality problems in a unified manner.

To facilitate the interested reader we have also included four appendices. The
first one contains an introduction to rank theory, a basic theme in descriptive
set theory which is crucial throughout this work. In the second appendix we
present some basic concepts and results from Banach space theory. Beside [LT],
these topics are covered in great detail in other excellent books, such as [AK]
and [Di], as well as, in the two volumes of the “Handbook of the Geometry of
Banach spaces” [JL1, JL2]. In the third appendix we give a short description of
a rather technical (yet very efficient) method in descriptive set theory, known
as the “Kuratowski-Tarski algorithm”. The method is used to compute the
complexity of sets and relations. Finally, in the fourth appendix we discuss
some open problems.

A significant part of the material presented in these notes has been discov-
ered jointly with S. A. Argyros and has been published in [AD]. Actually, this
text is the natural sequel of [AD] since it is mainly focused on further discov-
eries contained in [D3] and in our joint papers with V. Ferenczi [DF] and with
J. Lopez-Abad [DL]. Several new results are also included. Needless to say that
the solutions of the main problems are based on the work of many researchers
including, among others, B. Bossard, J. Bourgain, N. Ghoussoub, B. Maurey,
G. Pisier, W. Schachermayer and M. Zippin. Bibliographical information on the
content of each chapter is contained in its final section, named as “Comments
and Remarks”.

We think that this work has, mainly, two reasons of interest. The first one
is that it answers some basic problems in the geometry of Banach spaces and,
more important, it explains several phenomena discovered so far. The second
reason is that the solutions of the relevant problems combine techniques coming
from two (seemingly) unrelated disciplines; namely from Banach space theory
and from descriptive set theory.
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Chapter 1

Basic concepts

1.1 Polish spaces and standard Borel spaces

Polish spaces

A Polish space is a separable completely metrizable topological space. There
are two fundamental examples of Polish spaces. The first one is the Baire space
NN consisting of all sequences of natural numbers. The second one is the Cantor
space 2N consisting of all sequences of 0’s and 1’s.

The “definable” subsets of a Polish space X can be classified according to
their complexity. At the first level we have the Borel subsets of X. The Borel
o-algebra B(X) is further analyzed in a hierarchy of length w; consisting of the
open and closed sets, then the F,, and G, etc. In modern logical notation these
classes are denoted by 32, T and A (1 <& < w), where

Y = open, IIY = closed, A = clopen,

20 — {UAn : Ay is in I for some 1 < &, < 5},

1_[2 = complements of 22 sets,
A =3 NIIY.

Hence X9 = F,, II$ = G, etc.

Beyond the class of Borel subsets of X we have the projective sets which are
defined using the operations of projection (or continuous image) and comple-
mentation. The class of projective sets is analyzed in a hierarchy of length w,
consisting of the analytic sets (continuous images of Borel sets), the co-analytic
(complements of analytic sets), etc. Again, in logical notation, we have

1 = analytic, I} = co-analytic, A} = 31 NII},

1



2 CHAPTER 1. BASIC CONCEPTS

! 41 = continuous images of T} sets,
H}L_H = complements of 2711+1 sets,
1 _ oyl 1
An+l - 2n+1 N Hn+1'

A fundamental result due to Souslin (see [Ke, Theorem 14.11]) asserts that the
class A1l coincides with the Borel o-algebra; that is, a subset A of a Polish space
X is Borel if and only if both A and X \ A are analytic.

Standard Borel spaces

A measurable space is a pair (X, S) where X is a set and S is a o-algebra on X.
A measurable space (X, .5) is said to be a standard Borel space if there exists a
Polish topology 7 on X such that the Borel o-algebra of (X, 7) coincides with
the o-algebra S.

A classical fact concerning the Borel subsets of a Polish space (X, 7) is that
if B € B(X,7), then there exists a stronger Polish topology 7/ on X with
B(X,7) = B(X,7') and such that B is clopen in (X,7’) (see [Ke, Theorem
13.1]). It follows that if (X, S) is a standard Borel space and B € S, then B
equipped with the relative o-algebra Sg = {C N B : C € S} is also a standard
Borel space.

The above fact implies that the Polish topology 7 witnessing that the mea-
surable space (X, S) is standard, is not unique. As the Borel hierarchy depends
on the topology of the underlying space, we will not consider the classes Eg (X,7)
(1 € £ < w), unless the topology 7 is of particular importance. On the other
hand, if 7 and 7’ are two Polish topologies on X both witnessing that (X, S) is
standard, then X! (X,7) = ZL1(X,7/) for every n > 1. That is, the projective
hierarchy of (X, S), which will be at the center of our focus, is independent of
the topology T.

A basic example of a standard Borel space is the Effros—Borel structure.
Specifically, for every Polish space X by F(X) we denote the set of all closed
subsets of X. We endow F(X) with the o-algebra S generated by the sets

(FEF(X):FNU # 0}

where U ranges over all open subsets of X. The measurable space (F (X),S ) is
called the Effros—Borel space of F/(X). We have the following important result
(see [Ke, Theorem 12.6]).

Theorem 1.1. If X is Polish, then the Effros—Borel space of F(X) is standard.

A very useful tool is the following selection result due to Kuratowski and
Ryll-Nardzewski (see also [Sr, Theorem 5.2.1]).
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Theorem 1.2. [KRN] Let X andY be Polish spaces and let F:' Y — F(X) be
a Borel map such that F(y) # 0 for every y € Y. Then there exists a sequence
fn: Y = X (n € N) of Borel selectors of F (i.e., fn(y) € F(y) for everyn € N
and every y € Y) such that the sequence (f,(y)) is dense in F(y) for ally €Y.

A structure closely related to the Effros—Borel space of a Polish space X, is
the hyperspace K (X) of all compact subsets of X equipped with the Vietoris
topology Ty, that is, the topology generated by the sets

(K e K(X): KNU#0} and {K € K(X): K CU}

where U varies over all open subsets of X. The hyperspace (K (X)), TV) inherits
most of the topological properties of the space X. In particular, we have the
following theorem (see [Ke, Theorems 4.25 and 4.26]).

Theorem 1.3. If X is Polish (respectively, compact metrizable), then K(X) is
Polish (respectively, compact metrizable).

It is easy to see that for every Polish space X the Borel o-algebra of the space
(K (X), Tv) coincides with the relative o-algebra of the Effros-Borel structure.
This observation yields the following proposition.

Proposition 1.4. Let X and Y be Polish spaces and let f: Y — K(X) be a
map. Then f is Borel if and only if the set {y € Y : f(y) N U # 0} is Borel for
every open subset U of X.

1.2 Trees

The concept of a tree is a basic combinatorial tool in both Banach space theory
and descriptive set theory and it will be decisive throughout these notes. We
will follow the practice of descriptive set theorists and we will consider trees as
sets of finite sequences.

Specifically, let A be a nonempty set and denote by A<N the set of all finite
sequences of elements of A (the empty sequence is included). We equip A<N
with the strict partial order C of extension. We will use the letters ¢, s, w to
denote elements of A<N.

For every o € AN and n € N with n > 1 we set o|n = (¢(0),...,0(n — 1)),
while 0|0 = (. For every t € A<N the length |t| of t is defined to be the
cardinality of the set {s : s C t}. If t,s € A<V then by ¢"s we denote the
concatenation of t and s. Two nodes t,s € A<Y are said to be comparable if
either s C t or t C s; otherwise, they are said to be incomparable. We denote
by t L s the fact that ¢ and s are incomparable. A subset of A<V consisting of
pairwise incomparable nodes is said to be an antichain, while a subset of A<N
consisting of pairwise comparable nodes is said to be a chain. A maximal chain
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is called a branch. Two subsets A and B of A<N are said to be incomparable if
for every t € A and every s € B we have t L s. Otherwise, A and B are said to
be comparable.

A tree T on A is a subset of A<N which is closed under taking initial segments.
By Tr(A) we denote the set of all trees on A. Hence,

TeTr(A) eVs,tc AN (sCtandte T = seT). (1.1)

Notice that if T' € Tr(A), then ) € T. Also observe that if A is countable, then
by identifying every tree T on A with its characteristic function (i.e., an element
of 2A<N) we see that the set Tr(A) is a closed (hence compact) subspace of 2A<",

A tree T on A is said to be pruned if for every s € T there exists t € T
with s C ¢. It is said to be perfect if for every ¢t € T there exist two nodes t;
and ¢ in T properly extending ¢ and with ¢; L t5. The body [T] of T is the set
{o e AN : 0|k € T Vk € N}

For every subset A of AN we set

Ty ={oln:0 € Aand n € N} € Tr(A). (1.2)

We call T4 the tree generated by A. Notice that T4 is pruned. Also observe
that the body [Ta] of T4 is equal to the closure of A in AN, where A is equipped
with the discrete topology and AN with the product topology. The set of all
nonempty closed subsets of AN is in one-to-one correspondence with the set of
all pruned trees on A via the map F — Tp.

A tree T on A is said to be well-founded if for every o € AN there exists
k € N such that olk ¢ T, equivalently if [T] = (). Otherwise, it is called ill-
founded. By WF(A) we denote the set of all well-founded trees on A. The class
of ill-founded trees is denoted by IF(A). If A = N, then by WF and IF we shall
denote the sets of well-founded and ill-founded trees on N respectively.

Let A be an infinite set and set k = |A|. For every well-founded tree T' on A
we define

T'={seT:3teT with s C t} € WF(A). (1.3)

By transfinite recursion, we define the iterated derivatives (T¢ : ¢ < k) of T
by the rule

70 =T, T = (T%) and T* = () T¢ if A is limit.
<A

Notice that if T¢ # ), then T¢+1 ¢ T¢. Tt follows that the transfinite sequence
(T¢ : ¢ < k) is eventually empty. The order o(T) of T is defined to be the least
ordinal ¢ such that T¢ = (). If T € IF(A), then by convention we set o(T) = x+.
In particular, if A is countable, then o(T) < w; for every T € WF(A) while
o(T) = w for every T € IF(A).
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Let S and T be trees on A; and Ag respectively. A map ¢: S — T is called
monotone if for every s1,s2 € S with s1 T s2 we have ¢(s1) T ¢(s2). The
following fact is quite useful.

Proposition 1.5. Let S and T be trees on two countable sets A1 and Ao respec-
tively. Then o(S) < o(T) if and only if there exists a monotone map ¢: S — T.

Proof. First assume that there exists a monotone map ¢: S — T. If T is
ill-founded, then obviously we have o(S) < o(T'). So, assume that T is well-
founded. The existence of the monotone map ¢ implies that S is also well-
founded. By transfinite induction, we see that for every countable ordinal £ and
every s € S¢ we have ¢(s) € T¢. Hence, o(S) < o(T).

Conversely, assume that o(S) < o(T). If T is ill-founded, then we select
o € [T]. For every s € S with |s| = n we set ¢(s) = o|n. It is easy to check that
¢: S — T is a monotone map.

So, it remains to treat the case where T is well-founded. The monotone map
¢: S — T will be constructed by recursion on the length of sequences in S, as
follows. We set ¢() = (). Let k € N and assume that we have defined ¢(s) € T
for every s € S with |s| < k so that

VE <wp (s €8¢ = ¢(s) € TY). (1.4)

Let w € S with |w| =k + 1. There exist s € S with |s| = k and A\; € A; such
that w = s”A1. Let t = ¢(s). Invoking (1.4), we see that there exists Ao € As
such that, setting ¢(w) = ¢t~ Ag, property (1.4) is satisfied for w and ¢(w). This
completes the recursive construction of the map ¢ which is easily seen to be
monotone. The proof is completed. O

We will also consider trees on products of sets. In particular, if A; and A,
are nonempty sets, then we identify every tree T on A1 x Ay with the set of all
pairs (s,t) € AT x A5N such that |s| = |t| = k and either s = ¢ =) or

((sost0)s- -+ (Sk—1,tk—1)) € T.

Under the above convention the body of a tree T on A x Ay is identified with
the set of all (o1,09) € AY x AY for which (0y|k,02|k) € T for every k € N.
The following representation of analytic sets provides the link between trees and
descriptive set theory (see [Ke]).

Theorem 1.6. Let A be a countable set and let A be a subset of AN. Then A
is 21 if and only if there exists a tree T on A x N such that

A =proj[T] = {o € AN : 37 € NV with (0, 7) € [T]}.

We need to deal with trees which consist of nonempty finite sequences. We
will give them a special name, as follows.
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Definition 1.7. Let A be a nonempty set. A B-tree on A is a subset T of
A<NN\ {0} such that

Vt,s € AN\ (D} (sCtandt €T = seT). (1.5)

Notice that 7" is a B-tree on A if and only if 77U {#} € Tr(A). Using
this remark we can relativize to B-trees all previously presented concepts. For
instance, we say that a B-tree T on A is pruned (respectively, well-founded,
perfect) if TU{(} is pruned (respectively, well-founded, perfect). The body [T]
of a pruned B-tree T is the body of T'U {@}. Notice that

[T)={ocecA¥:olkeTVk=>1}).

If A is a subset of AN, then we continue to denote by T4 the B-tree generated
by A; that is, Ty = {o|n: 0 € A and n > 1}. From the context it will be clear
whether we refer to the tree or to the B-tree generated by A.

A segment s of a tree, or of a B-tree, T on A is a chain of T satisfying

Vs,w,t €T (s,teTandsCwlt=weT). (1.6)

If o € AN and k € N, then a segment of the form {t € T : t C o|k} is called an
initial segment of T, while a segment of the form {o|n:n >k and o|n € T} is
called a final segment. More generally, a subset A of a tree (or of a B-tree) T'
on A is said to be segment complete if

Vs,w,t €T (s,t € Aand sCwCt=we A). (1.7)

Notice that a segment of T is just a segment complete chain of 7.

We shall denote and name some special trees. By N<N we denote the Baire
tree, while by 2<N we denote the Cantor tree. By [N]<N we denote the tree on
N consisting of all strictly increasing finite sequences of natural numbers, while
by ¥ we denote the B-tree corresponding to [N]<N (that is, ¥ consists of all
nonempty strictly increasing finite sequences on N).

Finally, let us introduce some pieces of notation closely related to trees. By
[N]>° we denote the set of all infinite subsets of N. More generally, for every
infinite subset L of N by [L]* we denote the set of all infinite subsets of L. If
k € N with k > 1 and L € [N]>, then by [L]* we denote the set of all subsets
of L of cardinality k. Notice that [L]* is naturally identified with the set of all
strictly increasing sequences in L of length k.

1.3 Universal spaces

There are two fundamental universality results in Banach space theory which
are of particular importance in these notes. The first one is classical and asserts
that the space C(2Y) is isometrically universal for all separable Banach spaces.
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Theorem 1.8. Let X be a separable Banach space. Then there exists a closed
subspace Y of C(2V) which is isometric to X.

Proof. Let E be the closed unit ball of X* with the weak* topology. It is a
compact metrizable space. Let f: 2 — E be a continuous surjection. Define
T: X — C@2V) by T(x)(c) = f(o)(z) for every o € 2N and every z € X. It is
easy to see that T is a linear isometric embedding. The proof is completed. [

The second result is due to Pelczyniski and provides a space U with a
Schauder basis (u,,) which is universal for all basic sequences.

Theorem 1.9. [P] There exists a space U with a normalized bi-monotone
Schauder basis (uy) such that for every seminormalized basic sequence ()
in a Banach space X there exists L = {lp <11 < ---} € [N]*® such that (z,)
is equivalent to (u;,) and the natural projection Pp onto Spanf{u, : n € L}
has norm one. Moreover, if U’ is another space with this property, then U’ is
isomorphic to U.

Proof. Let (d,) be a countable dense subset of the sphere of C'(2V). Also let
(z,,) be a seminormalized basic sequence in a Banach space X. By Theorem 1.8
and Proposition B.3, there exists L = {lp < l; < ---} € [N]* such that (z,)
is equivalent to (d;,). This is the crucial observation in the construction of the
space U which goes as follows.

For every t = (ng < -+ < ny) € X we set ny = ny (by ¥ we denote the
B-tree on N consisting of all nonempty strictly increasing finite sequences; see
Section 1.2). We fix a bijection ¢: ¥ — N such that ¢(t) < ¢(s) if t C s. For
every t € ¥ we define f; € C(2V) by f; = d,,,. The space U is the completion of
coo(X) under the norm

lz]| = sup {H Zx(t)ftﬂoo : 5 is a segment of E}.

tes

Let (u,,) be the enumeration, according to ¢, of the standard Hamel basis (e;)tex
of ¢go(X). The sequence (u,,) defines a normalized bi-monotone Schauder basis
of U.

For every o € [X] we set L, = {¢(clk) : k> 1} € [N]*°. If {lp <1y < ---}
is the increasing enumeration of L., then we set X, = span{w;, : n € N}.
Let P,: U — X, be the natural projection. Notice that |P,|| = 1. By the
remarks in the beginning of the proof, we see that for every seminormalized
basic sequence (x,) in a Banach space X, there exists o € [¥] such that if
L, ={lo <ly <---}, then (x,) is equivalent to (u;,). Hence, the space U has
the desired properties.

Finally, to see that the space U is unique (up to isomorphism) we argue as
follows. Let U’ be another space with the properties described in the statement
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of the theorem. There exist Banach spaces X and Y so that U 2 U’ @ X and
U’ =2 Ua&Y. Moreover, there exists a space Z such that U = (UdU® ...),®Z.
Notice that

UeU2UaUaUd..),d0Z=2UaUd...),®Z=U.
Similarly, we have U’ @ U’ =2 U’. It follows that
U2U' e Xx2U U o X2U'aU2UpUOY2UY U

The proof is completed. O

1.4 Comments and Remarks

1. The study of Borel and analytic subsets of Polish spaces was initiated with
the work of Lebesgue and Souslin. The classical topological theory is presented
in the monograph of Kuratowski [Ku]. The subject has been revolutionized
with ideas from recursion theory leading to a powerful unified theory known as
effective descriptive set theory. The monograph of Moschovakis [Mo] is devoted
to the study of the methods and results of effective descriptive set theory as well
as of the influence of strong axioms of set theory on the structure of projective
sets. The book of Kechris [Ke] is an updated presentation of classical descriptive
set theory and has become the standard reference on the subject. It is written
under the modern point of view and with an emphasis to applications.

2. Theorem 1.8 can be traced back to the beginnings of Banach space theory
and appears in the classical monograph of Stefan Banach [Ba]. As we have men-
tioned, Theorem 1.9 is due to Pelezyiiski [P]. Our presentation is based on an
alternative approach to the construction of the space U due to Schechtman [Sch].
There is an unconditional version of U also due to Pelczynski.

Theorem 1.10. [P] There exists a space V' with an unconditional basis (vy,)
such that for every unconditional basic sequence (y,) in a Banach space Y there
exists L = {lop <1y < ---} € [N]*® such that (yn) is equivalent to (v, ). More-
over, if V' is another space with this property, then V' is isomorphic to V.

We refer to [LT, Theorem 2.d.10] for a proof of Theorem 1.10 as well as for an
account of related results.



Chapter 2

The standard Borel space of
all separable Banach spaces

In this chapter we will present the general framework on which the main results
contained in these notes are based. This framework has been defined by Bossard
in his Thesis [Bosl|. The central idea is that, while the collection of all separable
Banach spaces is not a set, it can be naturally “coded” as a standard Borel space.
This coding has been proved to be compatible with any notion, construction or
operation encountered in Banach space theory. By now it has found sufficiently
many applications in order to be considered as one of its internal parts.

2.1 Definitions and basic properties

Let X be a separable Banach space (not necessarily infinite-dimensional). We
endow the set F'(X) of all closed subsets of X with the Effros—Borel structure,
as this structure was described in the previous chapter. By Theorem 1.2, there
exists a sequence d,,: F(X) — X (n € N) of Borel maps with d,(F) € F for
every F' € F(X) and every n € N, and such that (d,,(F)) is dense in F for every
nonempty closed subset F' of X.

Now let F' € F(X). Then F is a linear subspace of X if and only if

(0 € F) and (Yn,m € N Vp,q € Q we have pd,,(F) + qd,(F) € F).  (2.1)

Tt is easy to see that (2.1) defines a Borel subset of F(X). By Theorem 1.8, the
space C(2V) is isometrically universal for all separable Banach spaces. These
observations lead to the following definition.

Definition 2.1. [Bosl] For every separable Banach space X by Subs(X) we
denote the subset of F(X) consisting of all linear subspaces of X endowed with

9
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the relative Effros—Borel o-algebra. If X = C(2Y), then by SB we denote the
space Subs(C(2Y)).

We recall that a Borel subset of a standard Borel space equipped with the
relative o-algebra is a standard Borel space on its own. This fact and the above
discussion yield the following basic result.

Theorem 2.2. [Bosl] For every separable Banach space X the space Subs(X)
is standard. In particular, SB is a standard Borel space.

By Theorems 1.8 and 2.2, we view the space SB as the set of all separable
Banach spaces and we call it as the standard Borel space of all separable
Banach spaces. With this identification properties of separable Banach spaces
become sets in SB. So, we define the following subsets of SB by considering
classical properties of Banach spaces.

PROPERTY | CORRESPONDING SET
being uniformly convex UcC
being reflexive REFL
having separable dual SD
not containing /4 NCy,
being non-universal NU

This chapter is devoted to the study of the descriptive set theoretic structure
of the above defined classes. To this end, we will need some properties of the
space SB which are gathered below. Most of them are rather easy consequences
of the relevant definitions.

2.1.1 Properties of SB

(P1) The set {(Y,X):Y C X} is Borel in SB x SB. That is, the relation “Y is
a subspace of X” is Borel.

(P2) For every X € SB there exists a sequence d,,: Subs(X) — X (n € N) of
Borel maps with d,,(Y) € Y for every Y € Subs(X) and every n € N, and such
that (d,(Y)) is norm dense in Y. This follows by Theorem 1.2.

(P3) For every X € SB there exists a sequence S,,: Subs(X) — X (n € N)
of Borel maps with the following properties. If Y = {0}, then S, (Y) = 0 for
every n € N. If Y € Subs(X) with Y # {0}, then S, (Y) € Sy for every n € N
and the sequence (S,(Y)) is norm dense in the sphere Sy of Y. This follows
from the fact that the sequence (d,(Y)) in (P2) above can be chosen so that
dn,(Y) # 0 for every n € N and every Y € Subs(X) with Y # {0}.
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(P4) For every X € SB the relation {(y,Y) : y € Y} is Borel in X x Subs(X).
That is, the relation “the vector y is in the subspace Y is Borel.

(P5) For every X € SB the relation {((yn),Y) : span{y, : n € N} = Y} is
Borel in XM x Subs(X). That is, the relation “the closed linear span of the
sequence (y,) is the space Y is Borel. To see this notice that

span{y, :n €N} =Y <& (Vn € N we have y,, € Y) and
(Vk,l € N 3j € N and Jao,...,a; € Q with

J
1
i) = 3 o] < 7).

(P6) For every k € Nwith k > 1 and every X € SB the relation of k-equivalence
between sequences in X is closed.

(P7) The relation {(X,Y) : X = Y} is analytic in SB x SB. That is, the
relation “X is isomorphic to Y is X1. Indeed observe that
XY & I(z,),(y,) € C2MN with
(span{z, : n € N} = X) and (span{y, : n € N} =Y) and
[Fk € N with (z,,) is k-equivalent to (y,)].

The relation “X is isometric to Y” is also analytic.
(P8) For every X € SB the subsets N Bx,SBx and Bx of X defined by
(zn) e NBx < (x,) is normalized basic,
(xn) € SBx < (x,) is seminormalized basic, and
(xn) € Bx < (x,) is basic
are all Borel.

(P9) Let X € SB. By FD(X) we shall denote the subset of Subs(X) consisting
of all finite-dimensional subspaces of X. Then FD(X) is a Borel subset of
Subs(X). To see this let (d,,) be the sequence of Borel maps obtained by (P2)
above and notice that

Y €eFD(X) < 3JmeNVkleNa,...,am € Q with

- 1

By FD we shall denote the Borel subset of SB consisting of all finite-dimensional
subspaces of C'(2V).
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2.1.2 Coding the dual of an X € SB

We will frequently deal with the dual X* of a separable Banach space X, and
so, we need to define a coding of the set {X* : X € SB}. To this end, let
(d,) be the sequence of Borel maps described in (P2) above. Notice that for
every p,q € Q and every n,m € N the map pd,, + qd,, is Borel. Hence, we may
assume that for every X € SB the set (dn(X )) is dense in X and, moreover,
it is closed under rational linear combinations. For every n € N consider the
map r,: SB — R defined by r,(X) = 1/[|dn(X)] if dp(X) # 0 and r,(X) =0
if d,,(X) = 0. Clearly the map r, is Borel. Also let H be the closed unit ball
of ¢ equipped with the weak* topology (equivalently, H = [—~1,1]" with the
product topology).
Let X € SB. For every z* € Bx+ consider the sequence

for = (ro(X)a"(do(X)), . ., 7 (X)2* (dn(X)), . ..)

and notice that f,«~ € H. We will identify the closed unit ball Bx« of X* with
the set
Kx = {fm* €H:2"e Bx*}.

Define D C SB x H by
(X,f)eD< feKx. (2.2)

The basic properties of the set D are summarized below.

(P10) The set D is Borel. Indeed, notice that

(X, /)eD < VYn,m,keNVp,qeQ we have
[Pl (X) + qdm(X) = di(X) =
plldn(X)[1 () + glldnn (X)[| f(m) = [|di(X)|| £ (K)].

(P11) For every X € SB the set Kx is compact. Moreover, the map
(Bx*,W*) Szt fz* e Kx

is a homeomorphism.

(P12) Let X € SB and z{,...,z} € in Bx~. Then for every ag,...,a, € R we
have

HZaixj | sup{‘Zairk(X)xf(dk(X))’ :k‘EN}
i=0 i=0
— Sup{‘zaifajz‘(k)‘ kEN}:HZalfw:
i=0 =0

In other words, the identification of Bx+ with K x is isometric.

oo’
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2.2 The class REFL

Reflexive spaces

Consider the set
REFL = {X € SB: X is reflexive}.

We will define a Borel map ®: REFL — Tr such that for every X € SB we have
X € REFL & ®(X) € WF.

That is, the map @ is a Borel reduction of REFL to WF (see Definition A.7). By
Fact A.8, this implies that the set REFL is II{ and that the map X > o(®(X))
is a IT}-rank on REFL.

Specifically, let X € SB. For every € > 0 and every K > 1 we define a tree
T = TrrrL(X, e, K) on Sx (the sphere of X) by the rule

(zn)_o €T < (zn),_g is K-Schauder and Vay,...,a; € RT

l l
with Z a, = 1 we have H Z anan >¢ (2.3)
n=0 n=0

where a finite sequence (z,)!,_, is said to be K-Schauder if

m l
1D anenl < K[| D ana
n=0 n=0

for every 0 < m < [ and every ag,...,a, € R. The tree TrrrL(X, ¢, K)
describes all our attempts to build a normalized basic sequence in X having
basis constant less than or equal to K and with no weakly null subsequence.
Notice that if 0 < &’ < e and 1 < K < K’, then the tree Trprr (X, ¢, K) is a
downwards closed subtree of Trgrr, (X, &', K'). We have the following lemma.

Lemma 2.3. [AD] Let X € SB. Then X is reflexive if and only if for every
€ >0 and every K > 1 the tree TrerL(X, ¢, K) is well-founded.

Proof. Lete > 0and K > 1 and assume, first, that the tree T = Tgrgrr (X, ¢, K)
is not well-founded. There exists a sequence (x,,) in X such that (z,),_, € T
for every I € N. Notice that (z,,) is a normalized basic sequence. By Rosenthal’s
dichotomy [Ro2], either there exists L = {lp < {3 < ---} € [N]* such that the
sequence (x;,) is equivalent to the standard unit vector basis of ¢, or there
exist M = {mog < my < ---} € [N]* and z** € X** such that the sequence
(Zm,,) 1s weak* convergent to z**. In the first case, we immediately obtain that
X is not reflexive. In the second case, we distinguish the following subcases. If
x** € X**\ X, then clearly X is not reflexive. So assume that z** € X. Since
(Tm,, ) is basic, we see that x** = 0. That is, the sequence (x,,,) is weakly
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null. By Mazur’s theorem, there exists a finite convex combination z of (z,,,)
such that ||z|| < . But this is clearly impossible by the definition of the tree
TrerL(X, ¢, K). Hence, X is not reflexive.

Conversely, assume that X is not reflexive. There exists z** € X** \ X
with ||z**|| = 1. If ¢; embeds into X, then we can easily find ¢ and K such
that the tree Tryrr (X, e, K) is not well-founded. If ¢; does not embed into X,
then, by the Odell-Rosenthal theorem [OR], there exists a sequence (z,) in Bx
which is weak* convergent to x**. We may select * € X* with ||z*|| < 1 and
L € [N]* such that x*(z,) > 1/2 for every n € L. Notice that 1/2 < ||z,| < 1
for every n € L. There exists M = {mo < my < ---} € [L]* such that the
sequence (z,, ) is basic with basis constant, say, K > 1 (see [Di, page 41]). We
set Tp, = 2z, /
with basis constant K. Moreover, for every | € N and every ag,...,a; € R
with Z;:O a, = 1 we have

l
I3 ann] > Zan ) 2

[

|zm,, || for every n € N. Then (x,,) is a normalized basic sequence

It follows that (z,)!,_, € TrerL(X,1/2,K) for every | € N; that is, the tree
TrerL(X, 1/2, K) is not well-founded. The proof is completed. O

Let S,: SB — C(2Y) (n € N) be the sequence of Borel maps described in
property (P3) in Section 2.1.1. For every X € SB and every j,k € N with
J,k = 1 we define a tree TrrrL (X, j, k) on N by the rule

(n0,---,m) € TRerL(X, j, k) € (Sny(X), ..., 80, (X)) € TrerL(X,1/4, k).

The tree Trrrr (X, J, k) is just a discrete version of the tree TrrrL(X, 1/, k).
Hence, by a standard perturbation argument and Lemma 2.3, we see that

X € REFL & Vj,k € N\ {0} we have TrprL (X, j, k) € WF.
Moreover, we have the following lemma.

Lemma 2.4. For every j, k € N with j,k > 1 the map X — TrerrL(X, J, k) is
Borel.

Proof. We fix j,k € N with j,k > 1. It is enough to show that for every
t = (ng,...,n;) € NN the set 4, = {X € SB:t € Trern(X, 4, k } is Borel.
Observe that

XeA < (SnO(X)7 ey Sy (X)) is k-Schauder and Vaq, ...,a; € QT

l I
with Zai =1 we have || ZaiSm(X)H > 1
i=0 1=0

J

As the sequence (S,,) consists of Borel maps, we conclude that the set A; is
Borel. The proof is completed. O
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We fix a bijection (-,-) between (N \ {0})? and N. For every X € SB we
“oglue” the family (TREFL(X,]', k) : g,k > 1) of trees and we produce a tree
TrerL(X) on N defined by the rule

pTte TREFL(X) S p= <], k‘> and t € TREFL(X7 7 k‘) (24)
By Lemma 2.4, the map SB 3 X — Trgrr(X) € Tr is Borel. Moreover,
X € REFL < TrerrL (X) € WF.

This is the desired reduction. Let us summarize what we have shown so far.

Theorem 2.5. [AD] The set REFL is II} and the map X — o(TrerL(X)) is
a I} -rank on REFL.

We proceed to give an estimate of the order of the tree Trpr(X). First we
notice that for every X € REFL and every pair j, k of non-zero integers we have
O(TREFL(X, 7, k:)) < O(TREFL(X, 1/4, k)) Concerning the opposite inequality
we have the following lemma.

Lemma 2.6. Let X € REFL, K > 1 ande > 0. Also let j, k € N with 2e ™1 < j
and 2K < k. Then O(TREFL(X,E,K)) < o(TREFL(X, 7, k)) In particular,

O(TREFL(X)) = sup {o(TREFL(X,E,K)) K >1ande> 0} + 1.

Proof. First we observe the following consequence of Proposition B.3. Let
()l _y be a normalized K-Schauder sequence in X. If (y,),_, is a finite
sequence in X such that |z, — v,/ < (2K)~12-"+2) for every n € {0,...,1},
then (y,)!,_g is 2-equivalent to (z,)},_o-

We continue with the proof of the lemma. For notational convenience we set
T = TREFL(X>E7K) and T = TREFL(X7j7k)- IfX = {0}, then T =T = {@}
If X # {0}, then recall that the sequence (S,(X)) is dense in Sx. Using this
fact and by transfinite induction, it is easy to see that for every £ < wq, every
(n)l_g € T and every (po, - ..,p) € N<N such that

1 1

l#n = S (DN < 51 - 3

for every n € {0,...,1}, we have (po,...,p;) € T¢. Taking into account the
previous remark, we conclude that o(T) < o(T). The proof is completed. [

Finally, we notice the following properties of the above defined trees.
Proposition 2.7. Let X,Y € SB. Then the following hold.
(i) If Y is isomorphic to X, then o(TrerL(Y)) = o(TrerL(X)).
(i) If Y is a subspace of X, then o(TrerL(Y)) < o(TrerL(X)).
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Uniformly convex spaces

A Banach space (X, || - ||) is said to be uniformly convez if for every & > 0 there
exists 6 > 0 such that for every z,y € Sx with ||x — y|| > ¢ we have that
H%WH <1 - 6. We consider the class

UC = {X € SB: X is uniformly convex}.

It is a classical result that every uniformly convex Banach space is reflexive (see
[LT]) and so UC C REFL.

The class UC is Borel. To see this let S,,: SB — C(2V) (n € N) be the
sequence of Borel maps described in property (P3) in Section 2.1.1. Observing
that

X eUC & VneN\{0} ImeN\{0} such that [Vk,! € N we have
1 Se(X) + S1(X) 1
18:() = i) > & = BTSN Ly

we conclude that UC is Borel.

2.3 The class SD

This section is devoted to the study of the set
SD = {X € SB: X* is separable}.

To this end we will need a basic tool in Banach space theory introduced by
Szlenk [Sz].

2.3.1 The Szlenk index

Let Z be a separable Banach space. Also let ¢ > 0 and let K be a weak™®
compact subset of Bz~. We define

s:(K) = K\U {V C Z*:V is weak* open and || - || — diam(K N V) < ¢}

where || - | — diam(A4) = sup{||z* — y*|| : 2*,y* € A} for every A C Z*. That
is, s.(K) results by removing from K all relatively weak* open subsets of K
which have ¢ norm-diameter. Notice that s.(K) is weak™ closed, s.(K) C K
and s. (K1) C s.(K3) if K1 C K». It follows that s, is a derivative on the set of
all weak* compact subsets of (Bz-,w*) (see Appendix A). Hence, by transfinite
recursion, for every weak® compact subset K of Bz« we define the iterated
derivatives (s$(K): €& <wi) of K by

SAK) =K, s$71(K) = sc(s£(K)) and s2(K) = (] s$(K) if A is limit.

€ € €
E<A
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We set Sze(K) = |K|s, if s2°(K) = () and Sz.(K) = wy otherwise. The Szlenk
index of Z is defined by

Sz(Z) = sup{Sz.(Bz~) : € > 0}. (2.5)
It is easy to see that if 0 < &1 < &g, then Sz, (K) > Sz.,(K), and so,
Sz(Z) = sup{Sz1/n(Bz-) : n > 1} (2.6)

for every separable Banach Z. The following theorem, due to Szlenk, summa-
rizes some of the basic properties of the Szlenk index.

Theorem 2.8. [Sz]| Let Z and Y be separable Banach spaces. Then the follow-
ing hold.

(1) If Y is isomorphic to Z, then Sz(Y) = Sz(Z).
(i) If Y is a subspace of Z, then Sz(Y') < Sz(Z).
(iii) The dual Z* of Z is separable if and only if Sz(Z) < w;.

Parts (i) and (ii) of Theorem 2.8 follow easily from the definition of the
Szlenk index. Part (iii) is essentially a consequence of the following fact.

Lemma 2.9. Let Z be a separable Banach space and let K be a nonempty weak*
compact subset of Bz«. If K is norm-separable, then for every e > 0 there exists
a weak* open subset V of Z* such that KNV # 0 and || - || — diam(K NV) < e.

Proof. We fix a compatible metric p for (Bz+,w*) with p — diam(Bz-) < 1
(notice that such a metric p is necessarily complete). Assume, towards a contra-
diction, that the lemma is false. Then we may construct a family (V; : t € 2<V)
of relatively weak* open subsets of K such that for every t € 2<VN, setting F} to
be the weak™ closure of V;, the following are satisfied.

(@) FygNEjmy =0, (Fi-0UFi~1) CV; and p — diam(V;) < 2711,

(b) For every n > 1, every t, s € 2" with t # s and every pair (z*,y*) € V; x V4
we have ||z* — y*|| > .

We set P = (J,con nen Voln- By (a) above, we see that P is a perfect subset
of K. By (b), we obtain that ||z* — y*|| > ¢ for every z*,y* € P with z* # y*.
That is, K is not norm-separable, a contradiction. The proof is completed. [

2.3.2 Norm-separable compact subsets of (Bz«, w")

Let Z € SB. By E we denote the compact metrizable space (Bz«,w*). The
Szlenk index is naturally extended to the set of all compact and norm-separable
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subsets of E and it is actually a IT}-rank on this set. To show this we argue as
follows. We fix a basis (V;,,) of the topology of E consisting of nonempty open
sets. For every n,m € N define the map D,, ,,,: K(E) — K(E) by

Dy (K) = K\ Vi : KNV, #Qand || - || - diam(K NV,,) < 45
m - K : otherwise.

Notice that D,, ,, is a derivative on K(E). Now define D,,: K(E) — K(E) by
D, (K) =(,, Dn,m(K). Observe that

1
n+1

Dn(K):K\U{VgE:ViS open and || - || — diam(K NV) < }.

Clearly D, is derivative on K(E) too.
Lemma 2.10. For every n € N the map D,, is Borel.

Proof. Fix n € N. Let m € N be arbitrary and consider the set

1
Rl
Since the norm of Z* is weak™ lower semi-continuous, it is easy to see that A,,
is a Borel subset of K(FE). Now observe that D,, ,,(K) = K if K ¢ A, and
Dy m(K)=K\V, if K € A,,. This easily implies that the map D,, ,,, is Borel
for every m € N.
Now, consider the map F: K(E)Y — K(E)Y defined by

F((Km)) = (Dnym(Em))-

By the above discussion, the map F' is Borel. Moreover by Lemma A.12, the
map (): K(E)Y — K(FE) defined by () ((Km)) =, Km is Borel too. Finally,
let I: K(E) — K(E)Y be defined by ( ) = (K ) with K, = K for every
m. Clearly I is continuous. Since D, (K) = (F(I(K))), we see that D, is a
Borel map. The proof is completed. O

={KeK({F): KNV, #0and ||-|| — diam(K NV,,) <

By Theorem A.11 and Lemma 2.10, the set
Qz={KeK(E): D;°(K)=10VneN}
is TI}. Notice that, by Lemma 2.9, we have
Qz ={K € K(F) : K is norm-separable}.
Invoking Theorem A.11 again, we see that the map
K — sup{|K|p, : n € N} (2.7)

is a ITl-rank on Qz. Observing that Sz(K) = sup{|K|p, : n € N} for every
K € Qz we conclude that the Szlenk index is a IT3-rank on the set of all compact
and norm-separable subsets of E.
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2.3.3 The Szlenk index is a II}-rank on SD

The following result, due to Bossard, shows that the Szlenk index, which is the
natural index on the class of spaces with separable dual, is actually a ITi-rank.

Theorem 2.11. [Bosl] The set SD is II} and the map X +— Sz(X) is a
IT-rank on SD.

Proof. Following the notation in Section 2.1.2, we set H = (By_,w"*). By the
analysis in Section 2.3.2 applied for Z = {1, we see that the set

Q={K € K(H) : K is norm-separable}

is TI} and that the map K — sup{|K|p, : n € N} is a IT{-rank on Q.

Now let D be the Borel subset of SB x H defined in (2.2). For every X € SB
the section Dx = {f : (X, f) € D} of D at X is compact and, by definition,
equals to the set Kx. By Theorem A.14, the map ®: SB — K(H) defined by
®(X) = Kx is Borel. By property (P12) in Section 2.1.2, we see that

XeSD& ®(X)=Kx €.

That is, the map ® is a Borel reduction of the set SD to 2. By Fact A.8, it
follows that the set SD is IT} and that the map

X — sup{|Kx|p, : n € N}

is a IT{-rank on SD. Using properties (P11) and (P12) in Section 2.1.2, it is easy
to see that for every X € SD and every n € N we have |Kx|p, = Sz1/,(Bx+)-
Hence, invoking equality (2.6), we conclude that

sup{|Kx|p, : n € N} = sup{Szy/,(Bx+) : n > 1} = Sz(X).

The proof is completed. O

2.3.4 The dual class of an analytic subset of SD
Let A be a subset of SD and consider the dual class A* of A defined by

A*={Y €SB:3X € Awith Y & X*}. (2.8)
We have the following estimate of the complexity of A*.

Theorem 2.12. [D1] Let A be an analytic subset of SD. Then the dual class
A* of A is analytic.

As in Section 2.1.2, let H = (By_,w*). The proof of Theorem 2.12 is
based on the following selection result. It is the analogue of property (P2) in
Section 2.1.1 for the coding of the set {X* : X € SB}.
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Proposition 2.13. [D1] Let S be a standard Borel space and let A C S x H
be a Borel set such that for every s € S the section As is nonempty, compact
and norm-separable. Then there exists a sequence f,: S — H (n € N) of Borel
selectors of A such that for every s € S the sequence (fn(s)) is norm dense in
the section As.

Let D,,: K(H) — K(H) (n € N) be the sequence of Borel derivatives defined
in Section 2.3.2. Let ¢ > 0, B C H and S C B. We say that S is norm e-dense
in B if for every f € B there exists h € S with ||f — hlje < €.

Lemma 2.14. Let S and A be as in Proposition 2.13. Also let n € N and let
A C Z x H be a Borel set with A C A and such that for every s € S the section
A, isa (possibly empty) compact set. Then there exists a sequence hy,: S — H
(m € N) of Borel selectors of A such that for all s € S, if the section A, is
nonempty, then the set {hy,(s) : hym(s) € Ay \ Dy(A,)} is nonempty and norm
e-dense in Ay \ Dy (A,), where e = (n+1)71.

Proof. Let (V,,) be a countable basis of the topology of H consisting of non-
empty sets. Let m € N be arbitrary. By Theorem A.14, we see that the set

1
n—l—l}

Sm=1{s€8: A, NV, #0and || - ||oc — diam(A; N V;,) <

is Borel. We define A,, C S x H by the rule

(s,f) e A, & (SESmandfeVmand(s,f)efl)or
(s ¢ Sm and (s, f) € A).

The set A, is Borel with nonempty K, sections. By the Arsenin-Kunugui
theorem (see [Ke, Theorem 35.46]), there exists a Borel map h,,: S — H such
that (s, hm(s)) € A, forall s € S.

We claim that the sequence (h,,) is the desired one. Clearly it is a sequence of
Borel selectors of A. What remains is to check that it has the desired property.
So, let s € S such that A, is nonempty and let f € A, \ D,(A;). By the
definition of D,,, there exists mo € N such that s € S,,, and (s, f) € Ap,,.
Invoking the definition of A,,, we see that the set {g € H : (s,9) € Ay, } has
norm-diameter less than or equal to (n 4+ 1)~'. Since (s, hm,(s)) € Ap,, we
conclude that || f — hm(8)]|eo < (n+ 1)1 The proof is completed. O

We proceed to the proof of Proposition 2.13.
Proof of Proposition 2.13. Let A C S x H be as in the statement of the propo-

sition. By Theorem A.14, the map ®4: S — K(H) defined by ®4(s) = A; is
Borel, and so, the set {A; : s € S} is an analytic subset of K(H).
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Let n € N. By Theorem A.11 and Lemma 2.10, the set

Qp, ={K € K(H): DX(K) =0}
is TT1 and the map K + |K|p, is a IT}-rank on Qp_. By our assumptions on
the set A and Lemma 2.9, we see that for every s € S and for every £ < wq if
D5 (A,) # 0, then DT (A,) G D5 (A,); thus, the sequence (D5(A,) : € < wy)
of iterated derivatives of A, must be stabilized at (). It follows, in particular,
that {A; : s € S} C Qp, . By part (i) of Theorem A.2, we obtain that

sup{|As|p, : s € S} =&n < wi.

Recursively, for every & < &, we define A C S x H as follows. We set A = A.
If ¢ = ¢ + 1 is a successor ordinal, then we define A by

(5,f) € A* & f € Do ((A°),)
where (A%), is the section {f : (s, f) € A%} of AS at s. If £ is limit, then let

(s, f) € A& (s, f) € [) A
(<€

Claim 2.15. The following hold.
(i) For every & < &, the set A% is a Borel subset of A with compact sections.

(ii) For every (s, f) € Sx H with (s, f) € A there exists a unique ordinal £ < &,
such that (s, f) € A\ AST, equivalently f € (A), \Dn((Af)s).

Proof of Claim 2.15. (i) By induction on all ordinals less than ,,. For £ =0 it
is straightforward. If £ = ( + 1 is a successor ordinal, then, by our inductive
hypothesis and Theorem A.14, the map s + (AS), is Borel. By Lemma 2.10,
the map s — D, ((A%),) is Borel too. By the definition of A% = AS™! and
invoking Theorem A.14 once more, we conclude that A¢ is a Borel subset of A
with compact sections. If £ is limit, then the desired properties are immediate
consequences of our inductive hypothesis and the definition of the set Af.

(ii) For every s € S let & = |Aq|p, < &,. Notice that A, is partitioned into
the disjoint sets {D§(A,) \ D5 (As) : € < &} An easy induction shows
that (A%)s = D5 (Ay) for every € < &. It follows that D§(As) \ DSFL(A) =
(A%)\ (AT, = (A%), \ Dy ((A®)s). The claim is proved. O

Let £ < &,. By part (i) of Claim 2.15, we may apply Lemma 2.14 for the
set A¢ and we obtain a sequence (h$,) of Borel selectors of A as described in
Lemma 2.14. Enumerate the family (hS, : € < &,,m € N) in a single sequence,
say as (fx). Clearly the sequence (fx) is a sequence of Borel selectors of A.
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Moreover, by part (ii) of the above claim and the properties of the sequence
obtained by Lemma 2.14, we see that for all s € S the set {fx(s) : k¥ € N} is norm
e-dense in Ay, where ¢ = (n + 1)~!. The result follows by applying the above
procedure for every n € N. The proof of Proposition 2.13 is completed. O

We are ready to give the proof of Theorem 2.12.

Proof of Theorem 2.12. Let A be an analytic subset of SD. By Theorem 2.11,
the set SD is co-analytic. Hence, by Lusin’s separation theorem (see [Ke, The-
orem 28.1]), there exists S C SD Borel with A C S. Define G C S x H by

(X, eGe (X,f) eD.

It follows, by properties (P10) and (P11) in Section 2.1.2, that G is a Borel set
such that for every X € S the section Gx of G at X is nonempty, compact and
norm-separable. By Proposition 2.13, we obtain a sequence f,,: S — H (n € N)
of Borel selectors of G such that for every X € S the sequence ( fn(X )) is norm
dense in the section Gx. Notice that, by property (P12) in Section 2.1.2, for
every Y € SB and every X € S we have
Y=X* & J(y,) €YY 3k >1 withspan{y,:n €N} =Y
and (y,) is k-equivalent to (f,(X)).

For every k € N with k > 1 the relation Ej, in C(2"¥)N x HY defined by

(W), (hn)) € Br < (yn) & (hn)

is Borel. To see this notice that

(W) & (hn) & VmVag,...,am € Q (vz 1> anha ()| < K| ZanynH)
n=0

n=0
1 1 - .
and (Vp 3 EHTLZ_OanynH — PR < |nz_0anhn(z)|).
The sequence (f,) consists of Borel functions. Therefore, the relation Ij in
C(2")N x S defined by
((yn). X) € I & ((yn), (Jn(X))) € By

is Borel. Finally, by property (P5) in Section 2.1.1, the relation R in SBx C(2")N
defined by
(Y,(yn)) € R span{y, :n € N} =Y

is Borel. Now let A* = {Y € SB: 3X € A with Y = X*} be the dual class of
A. Tt follows by the above discussion that
YeA & 3IXeAI(yn) e C@M Ik >1with (Y, (yn)) €R
and ((yn),X) e 1.
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Clearly the above formula gives an analytic definition of A*. The proof of
Theorem 2.12 is completed. O

2.4 The class NCyx

Throughout this section X will be a Banach space with a Schauder basis. Con-
sider the set

NCx = {Y € SB: X is not isomorphic to a subspace of Y}.

Particular cases are the classes NCy, and NU consisting of all separable Banach
spaces not containing ¢, and of all non-universal spaces, obtained by considering
X =/; and X = C(2") respectively.
As in the case of the class REFL, we will define a Borel map ¥: NCx — Tr
such that
Y e NCx & ¥(Y) € WF.

This will show that the set NCx is IT} and that the map ¥ — o(¥(Y)) is a
IT}-rank on NCx. The construction of the map V¥ is based on classical work of
Bourgain [Boul].

Specifically, fix a normalized Schauder basis (e,) of X. For every Y € SB
and every § > 1 we define a tree Tne(Y, X, (e,),0) on Y by the rule

(yn)ilzo € Tne(Y, X, (en),0) & (yn);:o is d-equivalent to (en)ln;o. (2.9)

The tree Tnc(Y, X, (en), ) describes all our attempts to produce a sequence
(yn) in Y which is d-equivalent to (e,). Notice that if 1 < § < §', then the
tree Tnc(Y, X, (e,),d) is a downwards closed subtree of Tnc (Y, X, (en),d).
Moreover, we have the simple, though basic, fact.

Lemma 2.16. [Boul] For every Y € SB we have that Y € NCx if and only
if for every 6 > 1 the tree Tnc(Y, X, (en),d) is well-founded.

Let d,: SB — C(2) (n € N) be the sequence of Borel maps described in
property (P2) in Section 2.1.1. For every Y € SB and every k € N with k£ > 1
we define a tree Tnc(Y, X, (en), k) on N by the rule

(no,...,m) € Tnc(Y, X, (€n), k) & (dno(Y), ..., dn,(Y)) € Tnc(Y, X, (en), k).

We “glue” the sequence (Inc (Y, X, (en), k) : k > 1) of trees and we define a
tree Tnc (Y, X, (e,)) on N by the rule

k"t e Tne(Y, X, (en)) @k >1and t € Tnc(Y, X, (en), k). (2.10)
Arguing as in Lemma 2.4, it is easy to see that the map

SBoY — Tne(Y, X, (e,)) € Tr
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is Borel. Using a perturbation argument, it also easily verified that
Y € NCx < Tnc(Y, X, (e,)) € WF.
This is the desired reduction. The above facts are summarized below.

Theorem 2.17. [Bosl] Let X be an infinite-dimensional Banach space with
a Schauder basis. Let (ey) be a normalized Schauder basis of X. Then the set
NCx is II} and the map Y — o(Tnc(Y, X, (en))) is a II{-rank on NCx.

We proceed to give an estimate of the order of the tree Tnc (Y, X, (e,,)). First
we notice that for every Y € NCx we have

O(TNC(Y7 X, (en))) = sup {O(TNC(Y, X, (en),k)) k> 1} + 1.

Also observe that for every k € N with & > 1 we have O(TNC(Y, X, (en), k)) <
o(TNc(Y, X, (en), k)) Concerning the opposite inequality the following holds.

Lemma 2.18. Let Y € NCx. Also let C > 1 and k € N such that 2C? < k.
Then we have o(Txc(Y, X, (€n),C)) < o(Tnc (Y. X, (en), k)). In particular,

O(TNC(Y, X, (en))) = sup {O(TNC(Y, X, (en),é)) (0> 1} + 1.

Proof. Let K > 1 be the basis constant of (e,) and let (y,)},_, be a (finite)
sequence in Y which is C-equivalent to (e,)!,_o. Also let (2,,)!,_ be a sequence
in Y such that
Un 1 1
Hm—znﬂ SOCK gne
for every n € {0,...,1}. We claim that (2,)!,_, is 202-equivalent to (e,)!,_-
To see this, notice first C~1 < |ly,|| < C for every | € {0,...,1}. Hence, setting

Wy, = Yn/|lyn||, we see that (w,,)},_, is normalized, C-equivalent to (y,)!,_, and

with basis constant less than or equal to CK. By Proposition B.3, we obtain
that (z,).,_, is 2C?-equivalent to (e, )!

n=0"
Using the above observation and arguing as in the proof of Lemma 2.6, the
desired estimate follows. The proof is completed. O

Finally, we notice the following stability properties of the above defined trees.

Proposition 2.19. Let X be a Banach space with a normalized Schauder basis
(en). Let Y, Z € SB. Then the following are satisfied.

(i) If Y is isomorphic to Z, then o(Tnc(Y, X, (en))) = o(ITnc(Z, X, (€4)))-

(if) If Y is a subspace of Z, then o(Tnc(Y, X, (en))) < o(Tnc(Z, X, (€r)))-
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2.5 Coding basic sequences

As in the case of the class of separable Banach spaces and its natural coding SB,
one can develop a similar theory for basic sequences using as universal element
the canonical basis of Pelczynski’s space.

In particular, let U be the universal space of Pelczyniski for basic sequences
and let (u,) be its canonical Schauder basis described in Theorem 1.9. Every
seminormalized basic sequence (z,) in a Banach space X is equivalent to a
subsequence (u;, ) of (u,). Hence, we may identify (z,,) with the corresponding
set {lp <l < ---} of indices. Having this identification in mind, we consider
the set

S={L={lo<ly <} €[N>:(u,) is shrinking}. (2.11)

For every L € [N]* we set U, = span{u,, : n € L}. The main result of this
section is the following theorem due to Bossard.

Theorem 2.20. [Bos3] The set S is I1} and the map L — Sz(UL) is a I} -rank
onS.

Before we give the proof of Theorem 2.20 we need, first, to present some
preliminary results which are of independent interest.

2.5.1 The convergence rank

Let E be a compact metrizable space, let (Y, p) be a complete metric space (not
necessarily separable) and let f,: E — Y (n € N) be a sequence of continuous
functions. For every K € K(FE) and every n € N by f,|x we shall denote the
restriction of f,, on K. Consider the set

K={K € K(F) : (fnlx) is pointwise convergent}.

It is easy to see that the set K is IIi. As in [KL], we will define a canonical
ITi-rank on K based on classical work of Zalcwasser [Za], and Gillespie and
Hurwicz [GH]. To this end, we fix a countable basis (V;;,) of E consisting of
nonempty open sets. For every n,m € N define Iy, ,,,: K(E) — K(F) by

K\Vy: KNV, #0and HeNVE>I>iVe e KNV,

Lnm(K) = we have p(fi(z), fi(z)) < 35
K : otherwise.

Notice that Ty, ., is a derivative on K(FE). Now define I',,: K(E) — K(E)
by T'n(K) = N, Tnm(K). That is, I',(K) results by removing from K all
nonempty relatively open subsets of K on which the sequence (f,,) is e-uniformly
convergent for some 0 < £ < (n+ 1)~!. Clearly I, is derivative on K(FE).
Moreover, arguing as in Lemma 2.10, we have the following lemma.
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Lemma 2.21. For every n € N the map I',, is Borel.
By Theorem A.11 and Lemma 2.21, the set

Or={KeK(E):T*(K)=10VneN}
is TI} and the map
K — ~(K) :=sup{|K]|r, : n € N} (2.12)

is a II}-rank on Qr. Finally notice that Qr = K. To see this let K € K(E) be
arbitrary. If K ¢ K, then clearly K ¢ Qp. Conversely, assume that K ¢ Qr.
There exist n € Nand P € K(F) with P C K and I',,(P) = P. For every i € N
let P, = {z € P: 3kl € Nwithk >1>iand p(fe(z), fi(z)) > (n+1)"1}.
By the fact that I',,(P) = P, we see that P; is dense in P. Moreover, P; is
open as the sequence (f,,) consists of continuous functions. Hence, there exists
z € P C K with z € P, for all i € N. It follows that the sequence (f,(z)) is not
Cauchy in (Y, p) and so K ¢ K.

By the above discussion, we conclude that the set K is II} and that the map
K — v(K) is a ITi-rank on K.

2.5.2 Subsequences spanning complemented subspaces

For the proof of Theorem 2.20 it will be convenient not to consider all subse-
quences of (u,) but only those for which the natural projection has norm one.
Specifically, for every L € [N]* let Pr: U — Uy be the natural projection
and set

C = {L € [N]*° : Pr, has norm one}.

Clearly C is a closed subset of [N]>°. We set Sc = SN C. That is, S¢ consists
ofall L = {lyp < Iy < ---} for which the sequence (v, ) is shrinking and the
projection Py, onto Uy, has norm one. Theorem 2.20 is essentially consequence
of the following result.

Proposition 2.22. [Bos3] The set Sc is a IIi subset of C and the map
L+ Sz(Uy) is a I} -rank on Sc.

Let U* be the dual of U and let () be the bi-orthogonal functionals associ-
ated to (uy). For every L € C let Z1, be the weak™ closure of span{u} : n € L}.
The spaces U; and Zj, are isometric and weak™ isomorphic via the operator
T:Uj — Zp, defined by

T(z*)(u) = 2* (Pr(u)) for every u € U.

Hence, we may identify the space U} with the subspace Z of U* (this is the
reason why we consider sequences in C). Notice that L € S¢ if and only if Z,
is equal to span{u’ : n € L}.
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For every n € N let P,, denote the natural projection from U onto the space
U, = span{uy, : k < n}. The operator P¥: U* — U* defined by

P (u*)(u) = u* (P, (u)) for every u € U

is weak™ continuous and satisfies P} (uj) = uj if k <n and P} (u}) =0if k > n.
Since the range of P is finite-dimensional, the map P) is continuous from
(U*,w*) to (U*,||-]]). Applying the analysis in Section 2.5.1 for E = (By-,w*),
(Y,p) = (U*, p).)) and the sequence (f,,) = (P ), we see that the set

K={K e K(E): (P;|k) is pointwise convergent }

is TI} and that the map K ~ v(K) = sup{|K|r, : n € N} is a II}-rank on K.
We proceed to the proof of Proposition 2.22.

Proof of Proposition 2.22. In what follows let E = (By~,w*). For every L € C
let Bz, be the closed unit ball of the subspace Z, of U*. The map ®: C — K(F)
defined by ®(L) = By, is easily seen to be Borel. Notice that

LeSc < Zp=span{u, :nelL}

< (PY) is pointwise convergent on By,

& (L) ek

That is, the map @ is a Borel reduction of S¢ to K. By Fact A.8, the set S¢ is
IT{ and the map L +— (B, ) is a II}-rank on Sc.

We have already remarked that for every L € C the spaces U] and Zj, are
isometric and weak* isomorphic. Hence, by the analysis in Section 2.3.2 applied
for Z = U, we see that Sz(UL) = sup{|Bz,|p, : n € N}. So the proof will be
completed once we show that for every L € S¢ we have

sup{|Bz,Ir, : n € N} = sup{|Bz,|p, : n € N}.

The above equality is a consequence of the following claims.

Claim 2.23. Let L € Sc and K € K(E) with K C Bz, . Also let n,m € N with
T(m+1) <n+1. Then D, (K) CT,(K). In particular, |Bz,|p,, < |Bz,|r,-

Proof of Claim 2.23. We fix x* € D,,(K) and we set e = 67! - (m +1)~!. Let
7 € N and let V' be a weak™ open subset of U* with z* € V. The basic sequence
(tn)ner is shrinking as L € S¢, and so, there exists | € N with [ > 4 and such
that ||Pf(z*) — *|| < e. The map F/: (U*,w*) — (U*,|| - ||) is continuous.
Hence, there exists a weak™ open subset W of V' with z* € W and such that
| P (y*) — «*|| < € for every y* € W. By the fact that 2* € D,,(K), we obtain
that || - || — diam(W N K) > (m + 1)~! = 6e. Thus, we may select z* € W N K
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with ||z* — 2*|| > 3e. Invoking again the fact that (up)ner is shrinking, we find
k > [ such that || P} (z*) — z*|| < e. It follows that

3e la” = 2*|| < fle” = B () + 157 (%) = Pe () + 122 (27) = 27|

<
< 2+ P () - PR

and so |Pf(2*) — P (2*)|| > €. Summarizing, we see that for every weak*
open subset V' of U* with 2* € V and every ¢ € N there exist £ > [ > ¢ and
z* € VN K such that

1 S 1
6(m+1) " n+1

1P (z") = BF ()l = e =

This shows that z* € I',(K) and so D,,(K) C I';,(K). Finally, the fact that
|Bz,|p,, < |Bz,|r, follows by a straightforward transfinite induction taking
into account that D,,(K) C I',,(K) for every K C By, . The claim is proved. O

Claim 2.24. Let L € Sc and K € K(FE) with K C Bz, . Also let n,m € N with
3m+1)<n+1. ThenT,,,(K) C D,(K). In particular, |Bz, |r,, < |Bz,|p, -

Proof of Claim 2.24. For notational convenience we set § = (n + 1)~ We
fix ¥ € K\ D,(K). It is enough to show that z* ¢ T',,(K). To this end
we argue as follows. By the definition of the derivative D,,, there exists a
weak* open subset V' of U* such that || - || — diam(V N K) < 6. The basic
sequence (un)ner is shrinking since L € Sc. Hence, we may find ¢ € N such
that || P} (z*) — P (z*)|| < 6 for every k,l € N with k > [ > 4. The basis (u,)
of U is bi-monotone and so ||P,| = ||Pf|| = 1 for every n € N. For every
y* € VN K we have ||z* — y*|| < J. It follows that

1Pe (™) = Bl < 12 (") = P + (1P (2") = B (2%)] +
+IF (") = B (y7)] < 36.

Summarizing, we see that there exist a weak™ open subset V of U* with 2* € V
and ¢ € N such that for every k,l € N with k > [ > i and every y* € VN K we
have

3 < 1
n+1 " m+1

1Pg(y™) — P (y")[l < 30 =

Hence, z* ¢ T',,(K). Finally, the inequality |Bz,|p, < |Bz,|r,, follows by
transfinite induction and the previous discussion. The claim is proved. O

By Claims 2.23 and 2.24, we conclude that for every L € Sc we have
sup{|Bz,|r, : n € N} = sup{|Bz,|p, : n € N}. The proof of Proposition 2.22
is completed. O
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2.5.3 Proof of Theorem 2.20

We are ready to give the proof of Theorem 2.20. To this end, for every L € [N]*®
let (un)ner be the subsequence of (u,) determined by L. Consider the relation
~ on [N]* x [N]* defined by

L~ M & (up)ner is equivalent to (up)nens-

It is easy to see that ~ is F,. By Theorem 1.9, for every M € [N]* there exists
L € C with M ~ L. Moreover, by Proposition 2.22, the set Sc is IT1. Hence,

MeS VL e [N wehave (LeCand L~ M = L € S¢)

and so S is IT3. The map L — Sz(Uy) is a IT}-rank on Sc. By Fact A.3, there
are relations <y, <xC C x C in X1 such that for every L € Sc we have

(M S Sc) and SZ(U]w) < SZ(UL) S M<s L

and
(M € Sc) and Sz(Upy) < Sz(UL) & M <x L.

By part (i) of Theorem 2.8, for every M, L € [N]* with M ~ L we have
Sz(Unr) = Sz(Ur). It follows that for every L € S we have

Sz(Upy) € Sz(Up) < (M€ S)and Sz(Upy) < Sz(Up)
& AM'L'eC (M ~Mand L' ~ L and M’ <5, L')
and
Sz(Un) < Sz(Ur) < (M€ S) and Sz(Uys) < Sz(Ur)
& M, L'eC (M ~Mand L' ~ L and M’ <y L).

Invoking Fact A.3 again, we see that the map L — Sz(Up) is a II} rank on S.
The proof of Theorem 2.20 is completed.

We close this section with the following lemma. It shows that the coding of
basic sequences is compatible with SB.

Lemma 2.25. The following hold.
(i) If A C[N]> is X1, then so is the set {X € SB:3L € A with X 2 U }.
(ii) If A C SB is X1, then so is the set {L € [N]*° : 3X € A with U, = X}.

In particular, the subset S of SB consisting of all spaces with a Schauder basis
18 analytic.

Proof. We identify Pelczyriski’s space U with one of its isometric copies in C/(2V).
Noticing that the map [N]* > L — Uy € SB is Borel and invoking property
(P7) in Section 2.1.1, parts (i) and (ii) follow. The proof is completed. O
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2.6 Applications

This section is devoted to applications of the machinery developed in this chap-
ter. We will encounter later on several other applications. The ones that follow
are just a sample of the power and elegance of descriptive set theoretic tech-
niques in the study of classical problems in Banach space theory.

A. An old problem in Banach space theory asked whether there exists a space X
with separable dual which is universal for all Banach spaces with separable dual.
Szlenk [Sz] answered this in the negative. Bourgain considerably strengthened
Szlenk’s result by showing that if a separable Banach space Y is universal for
all separable reflexive spaces, then Y must contain C(2Y), and so, it is universal
for all separable Banach spaces (see [Boul]). Bourgain arrived to this result
by an “overspill argument”. In particular, for every space X with a normalized
Schauder basis (e,,) he constructed a family {R¢(X) : £ < w} of reflexive spaces
with a Schauder basis such that for every countable ordinal £ it holds that

sup {o(Tnc(Re(X), X, (en),8)) : 6 21} = & (2.13)

Considering X = C(2Y) we see that every separable space Y that contains every
Re¢(X) must also contain C(2V). Bossard refined Bourgain’s result as follows.

Theorem 2.26. [Bos3] Let A be an analytic subset of SB such that for every
X € REFL there exists Z € A with X = Z. Then there exists Y € A which is
universal.

Bossard arrived to Theorem 2.26 by a “reduction argument”. Specifically, he
defined a Borel map ®: Tr — SB such that ®(T) is reflexive if ' € WF, while
®(T) is universal if T € IF. In particular, if A~ is the isomorphic saturation of
A, then the set ®1(Ax~) is an analytic subset of Tr that contains WF. Since
WF is not analytic, there exist 7' € IF and Y € A such that ®(T) 2 Y. By the
properties of @, the space Y is universal.

We will give an alternative approach to Theorem 2.26 based on Bourgain’s
construction and on the machinery developed in Section 2.4.

Proof of Theorem 2.26. Let X be a separable Banach space with a normalized
Schauder basis (e,). Let A~ = {Y € SB : 3X € AwithY = X} be the
isomorphic saturation of A. By property (P7) in Section 2.1.1, the equivalence
relation = of isomorphism is X1 in SB x SB. Hence A~ is analytic. We claim
that A~ ¢ NCx; in other words, we claim that there exists Y € A that contains
an isomorphic copy of X.

Assume not. By Theorem 2.17, the map Y +— o(TNC(Y, X, (6"))) is a
IT}-rank on NCx. As A~ is 31, by part (ii) of Theorem A.2 (i.e., boundedness),
there exists a countable ordinal ¢ such that

sup {o(Tnc (Y, X, (en))) : Y € A} < (.
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Clearly R¢(X) € A~. Hence, by Lemma 2.18 and (2.13), we see that
0<TNC(RC(X)7Xa (e’ﬂ))) = sup {O(TNC(RC(X)aX7 (en>76)) 0 = 1} +1> C

and we arrived to a contradiction. Therefore, there exists Y € A withY ¢ NCx.
Applying the above for X = C(2Y) the result follows. The proof of Theorem
2.26 is completed. O

B. Let X be a Banach space with a Schauder basis and let Y € NCx. If (e,)
and (z,) are two equivalent normalized Schauder bases of X, then clearly

o(Tne(Y. X, (en)) = o(Txc(Y. X, (20))-

However, by a result of Pelczyriski and Singer [PS], there exist uncountable
many non-equivalent normalized Schauder bases of X. Hence it is not clear
whether the quantity

sup {o(Tnc(Y, X, (en))) : (en) is normalized Schauder basis of X }

is bounded below w;. In other words, it is not clear whether the quantity
o(Inc (Y, X, (en))) depends on the choice of the basis (e,,). We will show that
it is independent of such a choice in a very strong sense.

Theorem 2.27. [AD] Let X be a Banach space with a Schauder basis. Then
there exists a H%—mnk‘ ox: NCx — wy on NCx such that for every Y € NCx
and every normalized Schauder basis (e,,) of X we have

¢x(Y) = o(Tnc(Y, X, (en)))-
Proof. Consider the set
B = {(e,) € X" : (e,) is a normalized Schauder basis of X}.

Then B is a Borel subset of X. To see this notice first that, by property (P8)
in Section 2.1.1, the set NBx of all normalized basic sequences in X is Borel.
On the other hand, the subset D of X" consisting of all sequences in X with
dense linear span is Borel (in fact, Fi5) since

!
1
(zn) € D& VE VYm Jag, . ..,a; € Q with Hdk - Zanan < |

n=0

where (di) is a fixed dense sequence in X. Observing that B = NBx ND we
conclude that B is Borel.

For every Y € SB and every (e,) € B let Tnc(Y, X, (en)) be the tree on N
defined in (2.10). The map

SBx B3 (Y,(e,)) = Tnc(Y, X, (en)) € Tr
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is easily seen to be Borel. It follows that the set A C SB x Tr defined by
Y, T) e A< J(e,) € Bwith T =Tnc (Y, X, (en))

is analytic. Notice that for every Y € SB we have that Y € NCx if and only
if the section Ay = {T : (Y,T) € A} of A at Y is a subset of WF. We apply
Theorem A.5 and we obtain a Borel map f: SB — Tr as described in Theorem
A.5. We define ¢x(Y) = o(f(Y)). It is easy to see that ¢x is as desired. The
proof is completed. O

C. Recall that an infinite-dimensional Banach space X is said to be minimal
if it embeds in all of its infinite-dimensional subspaces. The classical sequence
spaces ¢g and £, (1 < p < 00) as well as the dual of Tsirelson’s space (see [CS]
and [Ts]) are minimal spaces.

Now let X be a separable Banach space. If Y, Z € NCyx, then we cannot
always expect that Y @ Z € NCx. For instance, consider the case X = {1 & {5,
Y =/, and Z = ¢5. On the other hand, if X is a minimal Banach space, then
it is easy to see that for every pair Y, Z € NCx we have Y & Z € NCx. By
a classical result of Rosenthal (see [Rol] or [Ro4, Theorem 4.10]), the same is
also true for the space X = C(2"). We will give a special name for the class of
spaces sharing this property, as follows.

Definition 2.28. [AD] Let X be a separable Banach space. We say that X
has property (S) if for every Y, Z € NCx we have that Y & Z € NCx.

It is natural to ask, as it was done in [BRS, Problem 8, page 227] for the
spaces C(2Y) and /3, whether for every Banach space X with property (S)
and with a normalized Schauder basis (e,), and for every pair Y,Z € NCx
we can control the order of the tree Tnc(Y @ Z, X, (e,,)) from the order of the
corresponding trees Tnc (Y, X, (e,)) and Tne(Z, X, (e,)). We have the following
theorem which answers this question positively.

Theorem 2.29. Let X be a Banach space with property (S) and with a nor-
malized Schauder basis (e,). Then there exists a map ¢x: w1 X wy — wy such
that for every &, < wy and every Y, Z € NCx with O(TNC(Y, X, (en))) =¢ and
o(Tnc(Z, X, (en))) = ¢ we have

o(Tne(Y & Z, X, (en))) < ¢x(£,0).

Proof. We define the map ¢x as follows. Fix two countable ordinals £ and (.
By Theorem 2.17, the map Y — Tnc(Y, X, (e,)) is a ITi-tank on NCx. By
part (i) of Theorem A.2, the sets

A= {Y € NCyx : O(TNC(Ya X, (en))) = 5}
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and
B ={ZeNCx :0(Tnc(Z, X, (en))) = ¢}

are Borel. Let C(2V) @, C(2V) be the vector space C(2V) x C(2V) equipped with
the norm ||(f, g)|| = || ]| +|lg]l. The map S: SB x SB — Subs(C/(2") &1 C(2V))
defined by S(Y,Z) =Y @, Z is easily seen to be Borel. It follows that the set

C={WeSB:3Y € A3Z € Bwith WXx2Y®Z}

is an analytic subset of SB. The space X has property (S), and so, C C NCyx.
By part (ii) of Theorem A.2, there exists a countable ordinal n such that

sup {o(Tnc(W, X, (en))) : W € C} <.

We set ¢x(£,¢) =n. Clearly fx is as desired. The proof is completed. O

2.7 Comments and Remarks

1. Although descriptive set theoretic tools have been extensively used in Banach
space theory, especially after the seminal work of Jean Bourgain in the 1980s,
Bossard was the first to formalize the appropriate setting in his Thesis [Bosl],
written under the supervision of Gilles Godefroy. As we have already mentioned,
the coding SB of the class of separable Banach spaces was defined and analyzed
in [Bosl]. There are other natural ways to code the class of separable Banach
spaces, but they all lead to the same results. The coding we presented (that is,
the coding SB) is, by now, standardized. The paper [Bos3] of Bossard contains
a detailed discussion of these issues as well as a large part of the results obtained
in [Bosl].

2. The list of classes REFL, UC, SD and NCx is by no means exhaustive. Ac-
tually, almost every natural class of separable Banach spaces has been analyzed
and its complexity has been calculated (see [AD] and [Bos3] for more details).

3. The ITj-rank on REFL presented in Section 2.2 is taken from [AD]. Previ-
ously, Bossard has shown [Bosl| that REFL is co-analytic but not Borel.

4. Szlenk defined his index in [Sz] and used it to show that if a separable Banach
space X contains every separable reflexive space, then X* is non-separable. The
original definition in [Sz] is slightly different from the one given in Section 2.3.1.
However, they both coincide for spaces not containing ¢;. The fact that the
Szlenk index is a IT}-rank on SD is due to Bossard [Bosl]. Theorem 2.12 and
Proposition 2.13 are taken from [D1]. We notice that Theorem 2.12 is not valid
for the pre-dual class A, = {Y € SB: 3X € A with Y* = X} of an analytic
subset A of SB. A counterexample is the set A = {X € SB: X = {;} (that is,
the isomorphic class of £7).
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5. As we have mentioned, the ITi-rank on NCy presented in Section 2.4 is
based on the work of Bourgain in [Boul]. Bossard has extended this rank for
the case of an arbitrary separable Banach space and not merely for a space X
with a Schauder basis (see [Bos3]). Theorems 2.27 and 2.29 are still valid in
this more general setting (see [AD]).

6. The coding of basic sequences as subsequences of the basis of Petczyriski’s
space is taken from [Bosl]. There is a version of Theorem 2.20 for boundedly
complete sequences, also due to Bossard.

Proposition 2.30. [Bos3] The set
BC={L=A{lp<ly <---}€[N*:(w,) is boundedly complete}
is II{ and the map L — Sz((UL).) is a II}-rank on BC.

Proposition 2.30 is derived by Theorem 2.20 and duality arguments (see [Bosl]
or [Bos3] for more details).

7. Beside the work Szlenk [Sz] and Bourgain [Boul], there are several other
results in the literature which can be called “anti-universality” results. For
instance, Bourgain has shown in [Bou2] that if a separable Banach space X
contains every C'(K) space with K countable compact, then X must be univer-
sal. In the same spirit again, Argyros [Ar] has strengthened Bourgain’s result
from [Boul] by showing that if a separable Banach space X contains every sepa-
rable reflexive hereditarily indecomposable space, then X must still be universal.
There is also a version of Theorem 2.26 in the spirit of the results obtained in
[Ar] (see [AD]).

We point out that isometric versions of various universality problems have
been also considered. For instance, Godefroy and Kalton [GK] have shown that
if a separable Banach space X contains an isometric copy of every separable
strictly convex Banach space, then X is isometrically universal for all separable
Banach spaces.

8. Theorem 2.27 as well as Definition 2.28 are taken from [AD]. Theorem
2.29 is new and answers a natural question concerning the, so-called, “Bourgain
indices”. It is open whether the map ¢ x can be computed even for the simplest
case X = ¥».

9. We notice that the coding SB turned out to be a very efficient tool in
renorming theory (see, for instance, the work of Lancien [Lal). An excellent
survey of these developments can be found in [G].



Chapter 3

The /, Baire sum

In this chapter we will present the notion of a Schauder tree basis and the
construction of an o Baire sum, both introduced in [AD].

Schauder tree bases will serve as technical devices for producing universal
spaces for certain classes of Banach spaces. Their critical réle will be revealed
in Chapter 7.

To every Schauder tree basis we associate its o Baire sum. It is a separable
Banach space that contains, in a natural way, an isomorphic copy of every space
in the class coded by the Schauder tree basis. The main goal achieved by this
construction is that it provides us with an efficient “gluing” procedure. However,
there is a price we have to pay. Namely, the ¢ Baire sum contains subspaces
which are “orthogonal” to all spaces in that class. Most of the material in this
chapter is devoted to the study of these subspaces.

3.1 Schauder tree bases

Definition 3.1. [AD] Let X be a Banach space, A a countable set, T a pruned
B-tree on A and (x¢)ier a normalized sequence in X (with possible repetitions)
which is indexed by the tree T. We say that X = (X, A, T, (x¢)ter) is a Schauder
tree basis if the following are satisfied.

(1) X =span{z;:tT}.
(2) For every o € [T)] the sequence (Zy)n)n>1 is a bi-monotone basic sequence.

We recall that a B-tree T on A is a downwards closed subset of A<N consisting
of nonempty finite sequences (see Section 1.2); equivalently, T is a B-tree on A
if T'U {0} is a tree on A.

35
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For every Schauder tree basis X = (X, A, T, (x¢)ier) and every o € [T] we
set
Xy =span{z,, : n = 1}. (3.1)

Notice that in Definition 3.1 we do not assume that the subspace X, of X is
complemented. Also notice that if o,7 € [T] with o # 7, then this does not
necessarily imply that X, # X,.. Let us give some examples of Schauder tree
bases.

Example 3.1. Consider a Banach space X with a normalized bi-monotone
Schauder basis (e,). We set A = N and T' = ¥, where by ¥ we denote the
B-tree on N consisting of all nonempty finite strictly increasing sequences in N
(see Section 1.2). Notice that for all ¢ € X we have [t| > 1. We define z; = ej;|_1
for every t € . Then X = (X,N, X, (2¢)tex) is a Schauder tree basis. Observe
that X, = X for every o € [X].

Example 3.2. As in Example 3.1, let X be a Banach space with a normalized
bi-monotone Schauder basis (e,). For every t € ¥ set m; = max{n : n € t}
and define z; = e,,,. Again we see that X = (X,N, X, (2¢):ex) is a Schauder
tree basis. Notice that for every o € [X] the sequence (Zyn)n>1 is just a
subsequence of (e,,). Conversely, for every subsequence (e;, ) of (ey,) there exists
a (unique) branch o € [X] such that (z4,)n>1 is the subsequence (e;,). That
is, X = (X, N, X, (2¢)tex) is obtained by “spreading” all subsequences of (e,,)
along the branches of 3.

3.2 The ¢/, Baire sum of a Schauder tree basis

Definition 3.2. [AD] Let X = (X, A, T, (x1)ier) be a Schauder tree basis. The
{5 Baire sum of X, denoted by T, is defined to be the completion of coo(T)
equipped with the norm

||ZHT29£ = sup{(zl: H Z Z(t)xtHi)l/z} (3.2)

=0 tes;

where the above supremum is taken over all finite families (51-)%:0 of pairwise
incomparable segments of T

Let X = (X, A, T,(xt)ter) be a Schauder tree basis. Let us gather some
basic properties of the space Ti¢ associated to X.

A. We denote by (e;)er the standard Hamel basis of coo(T"). We fix a bijection
hr: T — N such that for every t,s € T with t T s we have hp(t) < hr(s).
We enumerate the tree T' as (t,) according to the bijection hr. If (e,) is
the corresponding enumeration of (e;)ier, then the sequence (e, ) defines a
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normalized bi-monotone Schauder basis of T5°. For every z € Tst by supp(x) we
denote the support of z, i.e., theset {t € T : z(t) # 0}. The range of z, denoted
by range(x), is the minimal interval I of N such that supp(xz) C {t, : n € I}.
We isolate, for future use, the following simple fact.

Fact 3.3. Let I be an interval of N, let s be a segment of T and let R be a
segment complete subset of T. Then the following hold.

(i) The sets’ =sN{t, :n €1} is a segment of T.
(ii) The subset R' = RN {ty :n € I} of T is segment complete.

B. For every o € [T] set X, = span{e,, : n > 1}. The space X, is isometric
to X,. Let P,: T; — X, be the natural projection. Then P, is a norm-
one projection. We notice the following consequence of the enumeration of T’
according to hyp. If (x,) is a block sequence in T3, then the sequence (Py(x,,))
is also block in X.

C. More generally, let S be a segment complete subset of T" and consider the
subspace Xg = span{e; : t € S} of T5X. Let Ps: T5* — Xs be the natural
projection. Again we see that Pg is a norm-one projection.

D. Let X be a Schauder tree basis such that for every o € [T] the sequence
(Zojn)n>1 is unconditional. Then the basis (e, ) of T3 is unconditional.

Let Y be a subspace of T5'. Assume that there exist o € [T] and a further
subspace Y’ of Y such that the operator P,: Y’ — X, is an isomorphic embed-
ding. In this case, the subspace Y “contains information” about the Schauder
tree basis X. On the other hand, there are subspaces of T5* which are “or-
thogonal” to every X,. These subspaces are naturally distinguished into three
categories, as follows.

Definition 3.4. [AD] Let X = (X, A, T, (xt)ter) be a Schauder tree basis and
let Y be a subspace of Tst.

(1) We say thatY is X-compact if for every o € [T the operator P,: Y — X,
18 compact.

(2) We say that Y is X-singular if for every o € [T] the operator P,: Y — X,
is strictly singular.

(8) We say thatY is weakly X-singular if for every finite A C [T the operator
Pr,: Y — Xr, is not an isomorphic embedding.

We recall that, following the notation introduced in Section 1.2, for every
A C [T] by T4 we denote the B-tree generated by A, that is,

Ty={oln:0c€ Aand n > 1}.

The following simple fact relates the above notions.
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Proposition 3.5. Let X = (X, A, T, (v¢)ier) be a Schauder tree basis and let
Y be a subspace of T5. Then the following are satisfied.

(1) If Y is X-compact, then Y is X -singular.
(i) If Y is X-singular, then Y is weakly X -singular.

Proof. Part (i) is straightforward. To see part (ii) let Y be an X-singular
subspace of Tt and let A be an arbitrary finite subset of [T]. Consider the B-tree
T4 generated by A. Notice that there exist final segments sg, ..., s, of T and a
finite-dimensional subspace F of T5t such that X7, = F @ Zi:o @A, . Hence,
by Lemma B.6, if the operator Pr,: Y — Xr, was an isomorphic embedding,
then there would existed o € A and a subspace Y’ of Y such that the operator
P,:Y' — X, is an isomorphic embedding too. This clearly contradicts our
assumptions on the space Y. Hence, the operator Pr,:Y — X, is not an
isomorphic embedding and, therefore, Y is weakly X-singular. The proof is
completed. O

The converse of part (ii) of Proposition 3.5 is far from being true. For
instance, while every subspace of an X-singular subspace (respectively, of an
X-compact subspace) is also X-singular (respectively, X-compact), this is not
the case for weakly X-singular subspaces. We notice, however, that if Y is a
weakly X-singular subspace and Y’ is a finite co-dimensional subspace of Y,
then Y’ is also weakly X-singular.

The rest of this chapter will be devoted to the structure of 75 and its
subspaces. Among the basic results obtained in this direction is the fact that
every X-singular subspace Y of T3 contains no £, for 1 < p < 2.

3.3 Weakly null sequences in T3

In what follows let X = (X, A, T, (z¢)ier) denote a Schauder tree basis. This
section is devoted to the proof of the following result.

Theorem 3.6. [AD] Let (x,,) be a bounded block sequence in Tst. Assume that
Py(x,) 0 in X, for every o € [T]. Then (x,,) is weakly null.

We need some preliminary results which will play a decisive role in the

analysis of the space T4t.

3.3.1 General lemmas

We start with the following lemma.
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Lemma 3.7. [AD] Let (z,,) be a bounded block sequence in Ts . Also let e > 0
and L € [N]*°. Then there exist finite A C [T] and M € [L]* such that
limsup,, e || Ps(25)]| < € for every segment s of T with s N Tx = .

Proof. Let s be a finite segment of T'. As the sequence (z,,) is block we see that
| Ps(zy)|| — 0. Hence, if s is segment of T" such that limsup,,¢c; | Ps(2n)|| > €
for some M € [L]*°, then s must be a final segment of T

Now assume, towards a contradiction, that the lemma is false. Using the
above observation we may construct, recursively, a decreasing sequence (M;) of
infinite subsets of L and a sequence (s;) of mutually different final segments of
T such that

|1 Ps, (z)]] > % for every i € N and every n € M;. (3.3)

Let C = sup{||z,|| : n € N} < +00. We select ko € N such that kg > 4C? - 72,
As the final segments s, ..., sy, are different, there exists an lp € N such that
if we set s; = {t € 5; : |t| = lp} for every i € {0,...,ko}, then the family
{80, - - - ,520} becomes a collection of pairwise incomparable final segments of T'.
We select ng € My, such that for every ¢ € {0,...,ko} and every ¢ € s, N
supp(zn,) we have |t| > lp. This is possible since the sequence () is block.
It follows that || P, (¥n, )| = [|Ps;(zn,)| for every i € {0,...,ko}. Since the
segments (5;)&0 are pairwise incomparable, by the definition of the norm of 75

and (3.3) above, we see that

ko 1/2 ko 1/2 2
C > llongll = (3 IPg@n)I2) = (3 I @n)2) > \/Z > C.
i=0 i=0

This is clearly a contradiction. The proof is completed. O

The following lemma provides a strong quantitative refinement of the con-
clusion of Lemma 3.7.

Lemma 3.8. [AD] Let (z,,) be a bounded block sequence in Ts . Also let e > 0
and let A be a finite (possibly empty) subset of [T such that limsup || Ps(z,)| < &
for every segment s of T with sNTx = 0. Then there exists L € [N]> such that
for every segment s of T with sNT4 = 0 we have [{n € L : ||Ps(z,)| > e}| < 1.

Proof. Assume, towards a contradiction, that the lemma is false. Then for
every L € [N]* there exist (ng,n1) € [L]? and a segment s with s 1 T4 = () and
| Ps(zn,)|| = € for i € {0,1}. By Ramsey’s theorem [Ra], there exists L € [N]*
such that for every (ng,n;) € [L]? there exists such a segment s. Hence, by
passing to a subsequence of (z,) if necessary, we may assume that for every
n,k € N with n < k there exists a segment 6, of T with s, , N T4 = 0 and
such that || P, , (7,)| = € and || Ps,, , (21)]| > €.
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Let k € Nwith k > 1. For every n < k let 0,, = min{|t| : t € s,, ,, Nsupp(xy)}
and set 5, = {t € s, @ [t| < on}. Clearly s, , is a segment of T" with
s, N Ta = 0. The sequence (z,) is block and so s, N supp(z,) C s, for
every n < k. In fact, s, ; is just the maximal initial subsegment of s, ) that
does not intersect supp(zy). Hence ||Py  (x,)|| > € for every n < k. Let
C = sup{||z| : n € N} < +o0.

Claim 3.9. For every k > 1 we have [{s], ; : n < k}| < [C?/e?].

Proof of Claim 3.9. Let sq,...,5,_1 be an enumeration of the set in question.
For every i € {0,...,1 — 1} there exists n; < k such that s; = s _,. We set
s/ ={t€sp,p:|t| = o0n}t="5nk \5%1-,1« Notice that s is a segment of T with
s/ NT4 = 0 and supp(xg) N sp,  C s7 for every i € {0,...,0 —1}. It follows
that || Py (z1)|| > . We observe the following. Since the segments (si)i=p are

mutually different, the segments (s )ﬁ;(l) are pairwise incomparable. Hence,

=1 1/2
C > lawll = (3 IPw@)l?) > Viee
=0

which gives the desired estimate. The claim is proved. O

We set M = [C?/e%]. By Claim 3.9, for every k > 1 there exists a family
{six:i=0,...,M — 1} of segments of T with s, , N T4 = () and such that for
every n < k there exists ¢ € {0,..., M — 1} with || P;, , (2,,)|| > €. By passing to
subsequences, we may assume that s; ;, — s; in 227 for everyi € {0,...,M—1}.
Notice that every s;, if nonempty, is a segment of T' with s; N T4 = 0.

Let n,k € Nwithn < kand i € {0,..., M —1}. We say that k is i-good for n
if || Ps, ;. (z,)|| = €. Observe that for every n € N there exists i € {0,..., M —1}
such that the set H: = {k > n : k is i-good for n} is infinite. Hence there exist
ig € {0,...,M — 1} and L € [N]*> such that H is infinite for every n € L.
Since s;, x — §i, in 287" we see that [ Ps;,, (zn)| = € for every n € L. Therefore,

limsup || Ps,, (7n)]| > €.

Moreover, we have s;, VT4 = 0, and so, we have arrived to a contradiction. The
proof of Lemma 3.8 is completed. O

By Lemma 3.8, we have the following lemma.

Lemma 3.10. [AD] Let (x,,) be a bounded block sequence in Ts-. Also lete > 0
and let A be a finite (possibly empty) subset of [T'] such that limsup || Ps(xy,)|| < €
for every segment s of T with s N T4 = (). Then for every L € [N]> there exists
a vector w which is a finite conver combination of {x, : n € L} such that
| Ps(w)|| < 2¢ for every segment s of T with s N Ty = ().
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Proof. Fix L € [N]*°. Applying Lemma 3.8, we obtain an infinite subset M
of L such that [{n € M : ||Ps(z,)|| = €}| < 1 for every segment s of T with
sNTa=0. Let M = {my <mq <---} and C = sup{||z,|| : » € N} < +o0.
We select ko € N such that C - (kg + 1)~! < & and we define

a’:mo_’_..._’_mmko

w= ko + 1

Then for every segment s of T with s N T4 = () we have

ko C+8k0

P
1 (o) Fo+ 1

xml < < 2e.

The proof is completed. O

We isolate, for future use, the following corollaries of Lemmas 3.7, 3.8
and 3.10 respectively.

Corollary 3.11. Let (x,) be a bounded block sequence in Tit. Also let € > 0
and L € [N]*®°. Then there exist finite A C [T] and M € [L]>* such that
limsup,,c s | Po(zn)|| < € for every o € [T]\ A.

Corollary 3.12. Let (x,,) be a bounded block sequence in Ty . Also let ¢ > 0
such that limsup || Py (x,)|| < € for every o € [T]. Then there exists L € [N]*®
such that |[{n € L : ||Py(zn)|| = €}| <1 for every o € [T].

Corollary 3.13. Let (x,,) be a bounded block sequence in Ts-. Also let ¢ > 0
such that limsup || Py (x,)|| < € for every o € [T]. Then for every L € [N]*
there exists a vector w which is a finite convex combination of {x, : n € L}
such that || Py(w)|| < 2¢ for every o € [T).

3.3.2 Sequences satisfying an upper /; estimate
The final ingredient of the proof of Theorem 3.6 is the following lemma.

Lemma 3.14. [AD] Let (w,) be a bounded block sequence in T . Assume that
for every n € N with n > 1 and every o € [T]| we have

1 1
Sy Isupp(w;)[1/2 2%
Then the sequence (w,,) satisfies an upper lo estimate. That is, there exists a
constant M > 1 such that for every k € N and every ag, . ..,a;r € R we have

k k 1/2
|3 awwallpy <n1(3a2)
n=0

n=0

| Po (wn)|| <

(3.4)

In particular, the sequence (wy,) is weakly null.
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Proof. Let C = sup{||wy]|| : n € N} < 400. Let k € N and ag,...,a; € R with

Sk a2 = 1. We will show that || XF_ anw,|| < vV2C? + 4. This will finish
the proof.

To this end, let (5j)§:0 be an arbitrary collection of pairwise incompara-
ble segments of T. We may assume that for every j € {0,...,l} there exists
n € {0,...,k} such that s; N supp(w,) # 0. Recursively, we define a partition
(I,)k_o of {0,...,1} by the rule

Iy = {je€{0,...,1} :s; Nnsupp(wo) # 0}
I, = {jE{O,...,l}\Io:5jﬂsupp(w1)7é®}

1y,

{j €{0,...,1}\ (ijIn> : 55 Nsupp(wg) # (2)}.
n=0

The segments (53-)5»:0 are pairwise incomparable and a fortiori disjoint. It follows
that

|7, < |supp(wy,)| for every n € {0, ..., k}. (3.5)

Also notice that for every 0 < n < m < k we have

> 1P, (wa) =0. (3.6)

JE€Im
Let n € {0,...,k} and j € I,. We shall estimate the quantity

3.6
1Py, (aowo + -+ - + aguy)]| ||P5j(anwn+~-.+akwk>||

< anl - [1Ps; (wn) | + Z |ai - [|Ps, (wi)]-
1=n+1

Since the Schauder basis (e;)ier of T3 is bi-monotone, by (3.4), we see that
for every i € {n+1,...,k} we have ||Ps,(w;)|| < [supp(w,)|~1/? 272, and
moreover, |a;| < 1. Hence,

k
1 1
PGt ko] < land WP+ s 3

(3.5) 1 1
< an| - [P, (wn) || + 1, ‘1/2 “on”

Notice that for every n € {0,...,k} we have >, | Ps; (wn)|1? < JJwy|? < C?
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as the family (s;);er, consists of pairwise incomparable segments. Therefore,

1 1\2
S° P aowo + -+ a2 <3 (lanl - 1Py ()| + )

L7 2
JEIn j€I,
1 1
< 2aiZ||st(wn)H2+2Zm'27
JEI, jer, "
< 2d207% + 3
It follows that
k k E oo
D> 1P (aowo + -+ apwp) [P < 2C Y Jan+ Y oL <207 +4,
n=0j€l, n=0 n=0

The family (5j)§.:0 was arbitrary and so || Zﬁ:o anwnH2 < 2C? + 4. The proof
is completed. O

3.3.3 Proof of Theorem 3.6

We are ready to give to the proof of Theorem 3.6. We will argue by contradic-
tion. So, assume that there exists a bounded block sequence (z,,) in T3¢ such
that (P,(zy)) is weakly null in X, for every o € [T], while (z,,) is not weakly
null in 75, In this case, there exist z* € (T5°)*, € > 0 and L € [N]* such that
x*(x,) > € for every n € L. By repeated applications of Corollary 3.11, we may
construct, recursively, a decreasing sequence (M) of infinite subsets of L and
an increasing sequence (Ay) of finite subsets of [T'] such that for every k € N and
every o € [T]\ A we have limsup,,cy [|Ps(25)]| < 27F. We set A = |, Ak
Clearly A is countable. Let M € [L]* be such that M \ M, is finite for every
k € N. Notice that limpeps ||Py(zr)|| = 0 for every o € [T]\ A. Also observe
that for every convex block sequence (y,) of (zn)nen and every o € [T]\ A
we have that limsup ||P,(y»)|| = 0. Using this observation, our assumptions,
Mazur’s theorem and a diagonal argument, we may construct a block sequence
(yn) of (x,,) such that

(a) each vector y, is a finite convex combination of (x,)nenr and
(b) lim || P,(yn)|| = 0 for every o € [T].

Notice that, by property (a) above, we have

(c) z*(yn) = € for every n € N.

By repeated applications of Corollary 3.13, we may construct, recursively, a
block sequence (w,) of finite convex combinations of (y,) such that for every
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n € N with n > 1 and every o € [T'] we have

1 1
Sy Isupp(uw;)[/2 22

Observe that the sequence (wy,) is bounded. Hence, by Lemma 3.14, the se-
quence (wy,) is weakly null. On the other hand, by (c) above, we have that
x*(w,) = € for every n € N. This is clearly a contradiction. The proof of
Theorem 3.6 is completed.

1P (wn)| <

3.4 Weakly X-singular subspaces

This section is devoted to the study of the weakly X-singular subspaces of an
{5 Baire sum. We start by noticing the following fact. It is an immediate
consequence of Definition 3.4.

Fact 3.15. Let Y be a block subspace of Tst. Assume that Y is weakly
X-singular. Then for every finite A C [T] there exists a normalized block se-
quence (ypn) in'Y such that ||Py(yn)|| — 0 for every o € A.

The basic property of a weakly X-singular subspace Y of T5 is given in the
following proposition.

Proposition 3.16. [AD] Let Y be a block subspace of Ts. Assume that Y
is weakly X -singular. Then for every € > 0 there exists a normalized block
sequence (yn) 'Y such that limsup || Py (yn)|| < € for every o € [T].

Proof. The proof is a quest of a contradiction. So, suppose that there ex-
ist a weakly X-singular block subspace Y of T5* and & > 0 such that for
every normalized block sequence (y,) in Y there exists o € [T] such that
limsup || Py(yn)|| = €. Let p € N and r > 0 to be determined later.

We start with a normalized block sequence (y°) in Y. By our assumptions,
there exist og € [T] and Lo € [N]* such that || P,, (y2)|| > /2 for every n € Ly.
By Lemma 3.7, there exist My € [Lo]™ and finite Ay C [T] such that for
every segment s of 7' with s N1 Ty, = 0 we have limsup, ¢, [|[Ps(¥9)]| < r. By
Lemma 3.8, there exists Ny € [Mp]>™ such that for every segment s of T' with
sNTa, =0 we have |[{n € Ny : ||[Ps(y2)|| = r}| < 1. Summing up, we obtain
oo € [T, finite Ag C [T] and Ny € [N]*° such that

(@) || Py, (¥2)|| > &/2 for every n € Ny, and
(b) if 5 is a segment with s N T, = 0, then [{n € Ny : [|Ps(y0)|| = r}| < 1.

By Fact 3.15, there exists a normalized block sequence (y.) in Y such that
| Py (y2)|| — 0 for every o € AgU{oo}. By our assumption that the proposition
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is false, there exists oy € [T)] such that limsup || P,, (y})| = e. Arguing as above,
we may select finite A; C [T] and Ny € [N]* such that for every segment s of T
with sNT4, = 0 we have [{n € Ny : | Ps(y})|| = r}| < 1. Since | P, (y})| — 0 for
every o € AgU{og}, we can select A; and o7 so that (41U{c})N(AqU{c0}) = 0.
We proceed recursively up to p.

For every i € {0,...,p} we enumerate the sequence (y),en, as (z¢) accord-
ing to the increasing enumeration of N;. Also let G; = A; U {o;}. By the prop-
erties of the above construction, we have G; N G; = 0 for every ¢,j € {0,...,p}
with i # j. Every G; is finite. Hence, there exists Iy € N such that if we
restrict every 7 € (JI_, G; after the lp-level of T, then this collection of final
segments becomes a collection of pairwise incomparable final segments. Thus,
setting T; = {7|n : n > lgp and 7 € G;} for all i € {0,...,p}, we see that for
every i,7 € {0,...,p} with ¢ # j and every ¢t € T; and s € T}, the nodes t and
s are incomparable.

The sequence (z!) is block. Hence, for every i € {0,...,p} we may select a
subsequence (uf) of (2¢) such that the following are satisfied.

(c) For every n € N and every pair ¢,5 € {0,...,p} with ¢ < j we have that
max{l : | € range(u},)} < min{l : [ € range(u?,)}.

(d) If n < 7/, then max{l : | € range(u},)} < min{l : | € range(u’,)} for every
i7j 6 {07"'7p}'

(e) For every 7 € G; and every t € supp(u?,) with ¢ = 7 we have [t| > lo.

For every n € N we define
wy = ud 4 - b, (3.7)

Notice that, by property (d), the sequence (w,,) is block.
Let n € N be arbitrary. By (a), (c¢) and (e) above, for every i € {0,...,p}
we may select a segment s¢ of T' such that

(F) st C{oilk : k> 1o} N {tx : k € range(u?,)}, and
(8) [1Ps;, (up)ll > /2.
Using (c), (e), (f) and (g), it is easy to see that
P Su\Y2 e
lwall = (3 1P @i)2) 2 SVp+ 1. (3.8)
=0

Finally for every n € N we define

Yn
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Clearly (y,) is a normalized block sequence in Y. We will show that for an
appropriate choice of p and r we have limsup || P, (y,)|| < £/2 for every o € [T].
This is clearly a contradiction.

To this end, let o € [T] be arbitrary. Notice that there exists at most one
Jo €{0,...,p} with the property that there exists ¢t € T, with ¢t C 0. For this
particular j, we have the trivial estimate || P, (u?)|| < 1 for every n € N.

Now fix ¢ € {0,...,p} with i # j,. Then every node ¢ in T} is not an initial
segment of . We set

s'={olk:k>1}\Tg, ={olk: k> 1}\{rln:n>1and 7 € G;}.

Notice, first, that s’ is a final segment of o. Also notice that s’ is nonempty.
Indeed, our assumption that every node ¢ in T; is not an initial segment of o,
simply reduces to the fact that s° contains the final segment {o|k : k > lo}.
The sequence (u},) is block, and so, we may select k; € N such that | P, (u?,)|| =
| Psi (ul)|| for every n > k;. Since A; C G, the definition of s’ ensures that
"N T4, = 0. Hence, by property (b) above, we see that there exists n; € N
(clearly depending on o) such that || Py (uf)| < r for every n > n;. We set
ne = max {k; +n; : i € {0,...,p} and i # j, }. By the above discussion, for
every n > n, we have

1P (wn) || = | Po (up, + -+ ub) || < 1+ pr. (3.10)

Combining inequalities (3.8) and (3.10), it follows that for every n > n,

1+pr

evp+ 1

If we select p and r satisfying p+1 > 36-e=% and r < (2p)~!, then we see that
limsup || Py (yn)|| < €/2 for every o € [T] and, therefore, we have reached the

1Byl = 1B (i) < 2 (3.11)

desired contradiction. The proof is completed. O

The main result of this section is a functional analytic characterization of
weakly X-singular block subspaces of T5*. To state it, we need first to introduce
the following variant of Definition 3.2.

Definition 3.17. [DL] Let X = (X, A, T, (z¢)ter) be a Schauder tree basis.
The co Baire sum of X, denoted by T, is defined to be the completion of coo(T)
equipped with the norm

l2llpx = sup{H Zz(t)xtHX 1§ is a segment of T}. (3.12)

tes
By I: T5* — Tt we shall denote the natural inclusion operator.

We have the following theorem.
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Theorem 3.18. Let X = (X, A, T, (z¢)ier) be a Schauder tree basis and let Y
be a block subspace of Ts*. Then the following are equivalent.

(1) The subspace Y is weakly X -singular.
(ii) The operator 1: Y — T5* is not an isomorphic embedding.

(iii) There exists a block subspace Z of Y such that the operator 1: Z — Tyt is
compact.

Proof. The equivalence between (ii) and (iii) is relatively easy. Indeed, the
implication (iii)=(ii) is straightforward. Conversely, observe that if the operator
I: Y — T is not an isomorphic embedding, then for every finite co-dimensional
subspace Y’ of Y the operator I: Y/ — T is not an isomorphic embedding. By
Proposition B.5, we see that (ii) implies (iii).

The implication (ii)=-(i) is also easy. To see this let Y be a block subspace
of T5* which is not weakly X-singular. By definition, there exists finite A C [T
such that the operator Pr,:Y — Xr, is an isomorphic embedding. Noticing
that the operator I: Xr, — T3 is also an isomorphic embedding, our claim
follows.

We work now to prove that (i) implies (ii). We will argue by contradiction.
So, assume that Y is a weakly X-singular block subspace of T3 such that the
operator I: Y — T5* is an isomorphic embedding. There exists a constant C' > 0
such that for every y € Y we have

Cllyllrg <llyllrg <llyllzg- (3.13)

We fix kg € N and € > 0 satisfying

64
ko > —

o and £<min{g ! } (3.14)

2" ko

By our assumptions, we may apply Proposition 3.16 to the block subspace Y of
Tt and the chosen e. It follows that there exists a normalized block sequence
(yn) in Y such that limsup || P,(y,)|| < € for every o € [T]. By Corollary 3.12
and by passing to a subsequence of (y,) if necessary, we may additionally assume
that for every o € [T'] we have [{n € N: ||P,(yn)|| = ¢}| < 1. Since the basis of
Tt is bi-monotone, we may strengthen this property to the following one.

(a) For every segment s of T we have [{n € N : |Ps(y,)| = ¢}| < 1.

By Fact 3.3 and (3.13), for every n € N we may select a segment s,, of T' such
that

(b) ||Ps, (yn)|l = C and s, C {ty : k € range(y,)}-

As the sequence (y,,) is block, we see that such a selection guarantees that
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(c) |Ps, (ym)|l = 0 for every n,m € N with n # m.

For every n € N let ¢, be the C-minimum node of s,,. Applying the classical
Ramsey theorem, we find an infinite subset L = {lyp <3 <lz < ---} of N such
that one of the following (mutually exclusive) cases must occur.

CASE 1: The set {t, : n € L} is an antichain. Our hypothesis in this case
implies that for every n,m € L with n # m the segments s, and s, are
incomparable. We define z =y, + - -+ + 1y, . Since the family (s1,)F0,, consists
of pairwise incomparable segments of T, we obtain that

ko A2 (o) ko A1/2 (0
1212 (1P, ) (P, )IP) T = CVho+ 1. (3.15)
1=0 =0

Now set w = z/||z|| € Y. Invoking property (a) above, inequality (3.15) and
the choice of kg and € made in (3.14), for every segment s of T we have

1 +/€0€ C
P. << —.
1P < 5 < 5
It follows that
C
ol <

which contradicts inequality (3.13). Hence this case is impossible.

CASE 2: The set {t, : n € L} is a chain. Let 7 € [T] be the branch of T
determined by the infinite chain {¢, : n € L}. By property (a) above and by
passing to an infinite subset of L if necessary, we may assume that || Pr(y,)|| < €
for every n € L. The basis of T is bi-monotone, and so, we have the following
property.

(d) If s is a segment of T" with s C 7, then || Ps(ys)|| < € for every n € L.

We set s/, = s, \ 7. Observe that the set s/, is a sub-segment of s,,. Notice that
s, is the disjoint union of the successive segments s, N 7 and s/,. Hence, by
properties (b) and (d) above and the choice of €, we see that
C
1P, ()l > C = > 5 (3.16)
for every n € L. Also notice that if n,m € L with n # m, then the segments s/,
and s, are incomparable. We set

z
zZ=4y, +--+y,, and Y=

Arguing precisely as in Case 1 and using the estimate in (3.16), we conclude

that
C
lwlng < 5.

This is again a contradiction. The proof is completed. O
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We close this section by recording the following straightforward consequence
of Theorem 3.18.

Corollary 3.19. Let X = (X, A, T, (z¢)ter) be a Schauder tree basis and let
Y be a block subspace of Ts*. Assume that Y is weakly X -singular. Then for
every € > 0 and every k € N there exists a finitely supported vector y in'Y
with ly|| = 1, k¥ < min{n : n € range(y)} and such that | Ps(y)|| < € for every
segment s of T.

3.5 X-singular subspaces

In this section we continue our analysis of the subspaces of an ¢5 Baire sum by
focusing on the class of its X-singular subspaces. We start with the following
observation.

Fact 3.20. Let (t,) be an infinite antichain of T. Then the sequence (ey,) is
1-equivalent to the standard basis of {2 and the subspace Span{e;, : n € N}
spanned by the sequence (e, ) is X -singular.

This fact is generalized as follows.

Proposition 3.21. [Ar] Let X = (X, A, T, (z)ier) be a Schauder tree basis
and let S be an infinite, well-founded, downwards closed B-subtree of T. Then
the space Xs = span{e; : t € S} is hereditarily ¢ (that is, every subspace Y of
Xs contains an isomorphic copy of £).

Proof. The proof proceeds by transfinite induction on the order o(S) of S. If
o(S) = 1, then the result is trivial since the space Xg is isometric to f2. Let
¢ < wi and assume that the result has been proved for every B-subtree S’ of
T with 0(5") < £. Let S be a well-founded B-subtree of T with o(S) = £. Set
A={x € A:()) €S} and for every A € Aset Sy ={t € 5:(\) Ct}. Also let
Y be an arbitrary subspace of Xg. If for every A € A the operator Pg, : Y — X,
is strictly singular, then using a standard sliding hump argument, we may find a
subspace Y’ of Y which is isomorphic to ¢5. If not, then there exist A € A and a
subspace Y’ of Y such that the map Pg, : Y/ — X, is an isomorphic embedding.
Using our inductive hypothesis, we may easily find a further subspace Y of Y’
which is isomorphic to £5. The proof is completed. O

The structure of an arbitrary X-singular subspace of T5¢ (and not merely of
those spanned by well-founded subtrees of the basis) is more complicated. In
particular we have the following theorem.

Theorem 3.22. [AD] Let X = (X, A, T, (x¢)ter) be a Schauder tree basis.
Assume that the B-tree T contains a perfect subtree. Then there erists an
X -singular subspace of Ts* which is isomorphic to cp.
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Proof. By passing to a subtree of T' (not necessarily downwards closed), we may
assume that T is the tree 4<N; that is, every t € T has exactly four immediate
successors in T. So, for every n € N the n-level T(n) = {t € T : |[t| = n} of T
has 4™ nodes. We define

teT(n)

It is easy to see that (y,) is a normalized bi-monotone basic sequence. Let
Y = span{y, : n € N}. Observe that Y is an X-singular subspace of T5*. We
claim that (y,) is equivalent to the standard basis of ¢y. This will finish the
proof.

To this end, let k € N and ay, . .., a; € R with max{|a,|:n=0,...,k} = 1.
We will show that || ZZ:O anynH < 2 which implies that (y,) is 2-equivalent to
the standard unit vector basis of ¢y. We start with the following observation.
Let s be a segment of T' and set o, = min{|¢| : t € s}. Notice that

: . kg 1
12 )| < 3 lanl 1Bl < 3 o < 250
n=0 n=os

n=os

Now let (sj)é.zo be an arbitrary collection of pairwise incomparable segments
of T. For every j € {0,...,l} set o; = min{|t| : t € s;}. Write the set
{o; 17 =0,...,1} in increasing order as ig < i1 < --- < i,, (notice that m <1).
For every p € {0,...,m} let I, = {j € {0,...,1} : 0; =i} }. The family ()1,
forms a partition of {0,...,l}. We claim that
[Lo| |11 [ Lom|

1o e 44 T

<1. (3.17)

Indeed, notice that every node ¢ in T'(i,) has exactly 4~ successors in T'(i,,).
Since the family consists of pairwise incomparable segments, we see that

Am 10 |Io| + Alm—t1 \Il| 4+t Aim—tm—1 |Im71| 4 ‘Im| < 4im

which gives the desired estimate. Now observe that

: k 1/2 l 1\ 1/2 mor 1/2
(ZHP5J(Zanyn)H2) <2(Z4T,) :2(§ |411;|> <2
7=0 n=0 =0 =
where the last inequality follows by (3.17). The proof is completed. O

Theorem 3.22 essentially shows that we cannot control the structure of an
arbitrary X-singular subspace of T5. Actually, it can be shown that there exists
a Schauder tree basis X = (X, A, T, (x¢)ter) such that for every p € [2,+00)
there exists an X-singular subspace Y of T3 which is isomorphic to ¢,. However,
we have the following result.
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Theorem 3.23. [DL] Let X = (X, A, T, (z1)ier) be a Schauder tree basis and
let Y be an X-singular subspace of T5*. Then for every normalized basic se-
quence (x,) in'Y there exists a normalized block sequence (yn) of (x,,) satisfying
an upper o estimate.

In particular, every X -singular subspace Y of T5* contains no £, for any
1<p<2.

Proof. Let Y be an X-singular subspace of T3 and let (x,) be a normalized
basic sequence in Y. A standard sliding hump argument allows us to construct
a normalized block sequence (v,,) of (z,,) and a block sequence (z,) in T5 such
that, setting Z = span{z, : n € N}, the following are satisfied.

(a) The sequences (v,,) and (z,) are equivalent.
(b) The subspace Z of Ts is block and X-singular.

By part (ii) of Proposition 3.5 and (b) above, we see that Z is a weakly
X-singular subspace. Hence, using Corollary 3.19, we may construct, recur-
sively, a normalized block sequence (wy,) of (z,) such that for every n € N with
n > 1 and every o € [T] we have

1 1
Sy Isupp(w;)[/2 22

By Lemma 3.14, the sequence (w,,) satisfies an upper ¢y estimate. Let (b,) be
the block sequence of (v,,) corresponding to (w,). Observe that, by (a) above,
the sequence (b,,) is seminormalized and satisfies an upper ¢» estimate. The
property of being a block sequence is transitive, and so, (b,,) is a block sequence

1P (wn)| <

of (z,,) as well. Hence, setting y, = b, /||bn]|| for every n € N, we see that the
sequence (y,) is the desired one.

Finally, to see that every X-singular subspace of T3¢ can contain no ¢, for
any 1 < p < 2 we argue by contradiction. So, assume that Y is an X-singular
subspace of T containing an isomorphic copy of ¢, for some 1 < py < 2.
There exists, in this case, a normalized basic sequence (z,,) in Y which is equiv-
alent to the standard unit vector basis (e,) of ¢,,. Let (y,) be a normalized
block sequence of (z,,) satisfying an upper /5 estimate. Since every normalized
block sequence of (e,) is equivalent to (e,) (see [LT, Proposition 2.a.1]), we
see that there exist constants C' > ¢ > 0 such that for every k£ € N and every
ag,...,ar € R we have

i 1/po & 2
e (X lan) < I annllrg <€ (Xlanl?)
n=0 n=0 n=0

This is clearly a contradiction. The proof is completed. O
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We close this section by presenting a characterization of X-singular sub-
spaces. It is the analogue of Theorem 3.18 for this class of subspaces of T3t.

Theorem 3.24. [DL] Let X = (X, A, T, (zt)tcT) be a Schauder tree basis and
let Y be a subspace of Ts. Then the following are equivalent.

(i) Y is an X-singular subspace of Ty .
(ii) The operator 1:' Y — T3 is strictly singular.

Proof. 1t is clear that (ii) implies (i). Hence we only need to show the converse
implication. We argue by contradiction. So, assume that Y is an X-singular
subspace of Tt such that the operator I: Y — T is not strictly singular. Then
there exists a further subspace Y’ of Y such that the operator I: Y/ — T3t is
an isomorphic embedding. Using a standard sliding hump argument, we may
select, recursively, a normalized basic sequence (y,) in Y’ and a normalized block
sequence (z,) in Ti¢ such that, setting Z = span{z, : n € N}, the following are
satisfied.

(a) The sequence (z,) is equivalent to (y,).
(b) The subspace Z of T is X-singular.
(c) The operator I: Z — T, is an isomorphic embedding.

By part (ii) of Proposition 3.5 and property (b) above, we see that Z is a
block and weakly X-singular subspace of T5°. By Theorem 3.18, the operator
I: Z — T is not an isomorphic embedding, in contradiction with (c) above.
The proof is completed. O

Corollary 3.25. [DL] Let X = (X, A, T, (z¢)ier) be a Schauder tree basis and
let Y be an infinite-dimensional subspace of Ts . Assume thatY is X -singular.
Then there exists an infinite-dimensional subspace Y' of Y which is X -compact.

Proof. By Theorem 3.24, the operator I: Y — T is strictly singular. By
Proposition B.5, there exists an infinite-dimensional subspace Y’ of Y such
that the operator I: Y/ — Tt is compact. It is easy to see that Y’ must be
an X-compact subspace of T in the sense of Definition 3.4. The proof is
completed. O

3.6 Schauder tree bases not containing ¢,

We introduce the following definition.

Definition 3.26. We say that a Schauder tree basis X = (X, A, T, (x¢)ter) does
not contain ¢y if for every o € [T the space X, = span{z,, : n > 1} does not
contain an isomorphic copy of ¢1.
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If X = (X,A, T, (x¢)ter) is @ Schauder tree basis not containing ¢;, then this
property is inherited to the corresponding ¢ Baire sum 75 of X. In particular,
we have the following theorem.

Theorem 3.27. [AD] Let X = (X, A, T, (z¢)ter) be a Schauder tree basis not
containing 1. Then the {5 Baire sum sz associated to X does not contain an
isomorphic copy of {;.

Proof. If not, then there would existed a subspace Y of T5* isomorphic to ¢;.
By our assumptions, Y must be X-singular. By Theorem 3.23, we derive a
contradiction. The proof is completed. O

Let X = (X, A, T, (xt)ter) be a Schauder tree basis and let (e:)ier be the
canonical basis of Ti5*. Also let (e])ier be the bi-orthogonal functionals asso-
ciated to (e;)ier. For every o € [T] we define Z, to be the weak* closure of
span{e;, :n > 1}. The spaces A7 and Z, are isometric and weak* isomorphic
via the operator T': X} — Z, defined by

T(z*)(z) = 2*(P,(x)) for every x € T5".

We have the following description of the dual (T5%)* of Tst for a Schauder tree
basis X not containing ¢;.

Proposition 3.28. [AD] Let X = (X, A, T, (v¢)ter) be a Schauder tree basis
not containing 1. Then

()" =span{ |J Bz, }.

oc€[T)

Proof. We set Z* = m{ UJG[T] Bz, } Assume, towards a contradiction, that
Z* is a proper subspace of the dual (T5*)* of T5*. Hence, by the Hahn-Banach
theorem, there exists z** € (T5%)** with ||z**|| = 1 and such that z**(2*) = 0
for every 2* € Z*. We select z* € (T5')* with ||z*|| = 1 and 2**(z*) = 1. By
Theorem 3.27 and our assumptions, we see that the space Ti* does not contain
01. Since z**(ef) = 0 for every t € T, by the Odell-Rosenthal theorem [OR],
we may select a bounded block sequence (z,,) in T5° which is weak* convergent
to z**. We may also assume that

x*(x,) > 1/2 for every n € N. (3.18)

The fact that 2**|z« = 0 implies that P, (z,,) ~ 0 in X, for every o € [T]. B
Theorem 3.6, we see that the sequence (z,,) is weakly null, contradicting (3.18

<

o=

above. The proof is completed.
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Notice that for every Schauder tree basis X = (X, A, T, (z:)ter) and every
o € [T] we have

(To|n)n>1 is shrinking < (€sn)n>1 is shrinking

& 2, =s8pan{el,, :n > 1}.

oln
Hence, by Proposition 3.28, we obtain the following corollary.

Corollary 3.29. [AD] Let X = (X, A, T, (z)ter) be a Schauder tree basis
such that for every o € [T] the sequence (T4, )n>1 is shrinking. Let (t,) be the
enumeration of T according to the bijection hr: T — N described in Section 3.2.
If (es,) is the corresponding enumeration of (et)ier, then the basis (es,) of Ts
is shrinking.

It should be noted that, by Theorem 3.22, the analogue of Corollary 3.29 for
boundedly complete sequences is not valid.

3.7 Comments and Remarks

1. Almost all the material in this chapter, including the basic notions, is taken
form [AD]. As the reader might have already observed, the space T5® is a variant
of James’ fundamental example [Ja]. We also notice that norms similar to the
ones given in (3.2) were previously defined by Bourgain [Boul] and Bossard
[Bos3] (but of course not at this level of generality).

2. Theorem 3.18 and Corollary 3.19 are new.

3. Proposition 3.21 was essentially noticed by Argyros in [Ar]. We should point
out that all subspaces of Ts¢ spanned by well-founded subtrees of the basis are
reflexive (see [Boul] and [Bos3]).

4. Theorems 3.23 and 3.24 and Corollary 3.25 are taken from [DL]. Another
result contained in that paper and concerning the structure of an X-singular
subspace is the following.

Theorem 3.30. [DL] Let X = (X,A, T, (z¢)ier) be a Schauder tree basis
and let Y be an infinite-dimensional X -singular subspace of Ts. Then every
infinite-dimensional subspace Z of Y contains an unconditional basic sequence.

5. Proposition 3.28 is valid without the assumption that the Schauder tree basis
X = (X,A,T,(xt)ter) does not contain ¢;. In particular, the following holds.

Theorem 3.31. [AD] Let X = (X, A, T, (z¢)ter) be a Schauder tree basis.

Then
() =span{ |J Bz, }.
o€(T)



Chapter 4
Amalgamated spaces

Let X = (X, A, T, (z)ter) be a Schauder tree basis and consider the ¢, Baire
sum T3 associated to X. The space Ti contains, naturally, a complemented
copy of every space in the class coded by the Schauder tree basis. Moreover,
by Theorem 3.23, there is information on the kind of subspaces present in T5t.
This is enough for a large number of applications. However, by Theorem 3.22,
for every interesting Schauder tree basis X the space T contains an isomorphic
copy of ¢g.

The aim this chapter is to present a refinement of the previous construction,
also introduced in [AD]. The refinement will lead to a new space for which we
have significant control over the isomorphic types of its subspaces. The method
is to use the Davis-Fiegel-Johnson—Pelczyriski [DFJP] interpolation scheme in
similar spirit as in the work of Argyros and Felouzis [AF].

4.1 Definitions and basic properties

Definition 4.1. [AD] Let X = (X, A, T, (z¢)ter) be a Schauder tree basis. We
define

Wgzconv{ U BXU} and szm{ U BXU}. (4.1)
c€[T] o€[T)

Notice that for every Schauder tree basis X the set Wy is closed, convex,
bounded and symmetric. This observation permits us to define the following
space which is the central object of study in this chapter.

Definition 4.2. [AD] Let X = (X, A, T, (x¢)ter) be a Schauder tree basis and
1 < p < 4o0. The p-amalgamation space of X, denoted by Aff, 1s defined
to be the p-interpolation space of the pair (TX, Wx) (see Definition B.7). By

J: Aff — T5t we shall denote the natural inclusion operator.

95
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Let X = (X, A, T, (x¢)1er) be a Schauder tree basis and 1 < p < +00. As in
Section 3.2, we fix a bijection hy: T"— N such that for every ¢t,s € T with t C s
we have hr(t) < hr(s). In what follows, by (¢,,) we shall denote the enumeration
of the tree T' according to the bijection hr, while by (e, ) we shall denote the
canonical Schauder basis of 75 described in Section 3.2. Finally, for every n € N
with n > 1let |||, be the Minkowski gauge of the set 2"Wx+27"Byx. Clearly
| || is an equivalent norm on T4t.

A. For every n € N, denoting by P,: T5* — span{e;, : k < n} the natural
onto projection, we see that P,,(Wx) C Wx and P, (W) C W2. Moreover,
setting &; = J~!(e;) for every ¢t € T, it is easy to see that 271 < [ed]lax < 1.
By Proposition B.9, we obtain that the sequence (&, ) defines a seminormalized
Schauder basis of the space A. In addition, if (e, ) is a shrinking basis of T3,
then (&, ) is a shrinking basis of A

B. Let # € Wx with ||z|| = 1. Then for every n € N with n > 1 we have
2=+ |z, < 27™. Let # = J~!(x) and notice that the previous remark

implies that 27! < [|Z[ 4ax < 1. For every o € [T7] we set
X, = span{é,|, : n = 1}. (4.2)

It follows that the operator J: X, — T5 is an isomorphic embedding onto the
subspace X, of Ti*. In particular, for every Schauder tree basis X and every
1 < p < +oo the subspace X, of A%, the subspace X, of T3 and the space
X, defined in (3.1) are all mutually isomorphic. Moreover, the Banach—Mazur
distance between X, and X, is at most 2.

C. For every finite subset A of [T] let T4 = {o|n : 0 € Aand n > 1} be the
B-tree generated by A and set Xp, = span{ée; : t € Ta}. It is easy to see
that the operator J: X7, — T5 is an isomorphic embedding onto the subspace
Xr, of T5* (notice, however, that the isomorphic constant is not uniform and
depends on the cardinality of A).

D. More generally, let S be a segment complete subset of T and set

Xs =span{e, : t € S}. (4.3)
Consider the natural projection Ps: A} — Xs.
Fact 4.3. For every segment complete subset S of T we have ||Ps| = 1.

Fact 4.3 implies, in particular, that Xg is complemented in Aif. We notice that
this property of the space Aff is essentially a consequence of the fact that the
external norm used in the interpolation scheme—that is, the norm in (B.1)—is
an unconditional one. This property is not valid for other variants.
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Proof of Fact 4.3. Let T be a finitely supported vector in Aff; that is,
T € span{e; : t € T}. We set & = J(Z). Notice that z is finitely supported in
TQX and J(ps(.f)) = Ps(.i?)
Fix n € N with n > 1 and set A, = ||z||,. Then for every A\ > \,, we have
T n —n
T €2"Wx +27" By,
Since Ps(Wx) € Wx and Ps(Bpx) C Brx, we obtain that

=

3 € 2"Wx + 2 Bsz.

In particular, || Ps(z)|ln < An = ||2||ln. Therefore,

_ > 1/p > 1/p
1Ps@llag = (D IPs@ln) " < (o llalln) ™ = lalay-
n=1 n=1

The proof of Fact 4.3 is completed. O

Up to this point we have seen certain analogies between the spaces Aff and
Tst. The results that follow reveal the structural differences between A;f and T3¢
and show, in particular, that the p-amalgamation space Aff is a much “smaller”
space than T

Theorem 4.4. [AD] Let X = (X, A, T, (z¢)ier) be a Schauder tree basis such
that for every o € [T the space X, is reflexive. Let 1 < p < +oo. Then the
p-amalgamation space Af of X is reflexive.

Proof. By part (iv) of Proposition B.8, it is enough to show that the set Wx is
weakly compact. To this end, let

Cy = U By, .

o€(T)
Notice that Wx = conv{Cx }.
Claim 4.5. The set Cx is weakly compact.

Proof of Claim 4.5. Let (x,) be a sequence in Cx. We need to find a vector
z € Cx and a subsequence of (x,,) which is weakly convergent to z. Clearly we
may assume that every vector x,, is finitely supported. By the definition of the
set Cx, for every n € N the support of x, is a chain. Let s, be the minimal
initial segment of T that contains supp(x,,). By identifying every initial segment
s, with its characteristic function (that is, an element of 27), we find L € [N]>
and a (possible empty) initial segment s of T such that the sequence (s, )ner
converges to s in 27. We select a branch o € [T] such that s C {o|n : n > 1}.
For every n € L, set z, = P,(z,) and w, = ,, — 2, = Ty, — Py(zy).
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By our assumptions, the space By, is reflexive. Noticing that z, € By, for
every n € L, we see that there exist M € [L]*° and a vector z € By, C Cx
such that (z,)nenrs is weakly convergent to z. Now for every n € M let ¢,
be the C-minimum node of supp(w,,). Applying Ramsey’s theorem, we obtain
N € [M]* such that the family {¢, : n € N} is either a chain, or an antichain.
We claim that it must be an antichain. Assume not. Let k € N be such that
[tk] < [tn| for all n € N. Tt follows that t; € s, for every n € N, and so,
tr € s C {o|n:n > 1}. But this is clearly impossible by the definition of the
vector wy. Hence, the set {t,, : m € N} is an antichain. Using this remark, we
see that the sequence (w,)nen satisfies an upper ¢o estimate, and therefore, it
is weakly null. It follows by the above discussion that the subsequence (x,,)nen
of (z,,) is weakly convergent to z € Cx. The claim is proved. O

By Claim 4.5 and the Krein—Smulian theorem, we conclude that the set Wx
is weakly compact. The proof of Theorem 4.4 is completed. O

The following result is a basic dichotomy concerning the isomorphic types
of subspaces of AX.

Theorem 4.6. [AD] Let X = (X, A, T, (xt)ter) be a Schauder tree basis and
1 <p<+oo. Let Z be a block subspace of Aff. Then either

(i) Z contains an isomorphic copy of £y, or

(ii) there emists finite A C [T] such that the operator Pr,: Z — Xr, is an
isomorphic embedding.

Theorem 4.6 can be reformulated as follows.

Corollary 4.7. Let X = (X,A, T, (zt)ter) be a Schauder tree basis and
1< p<+o0. Let Z be a block subspace of Aff. Then either

(i) Z contains an isomorphic copy of £y, or

(ii) there exists a finite subset {oy,...,01} of [T] such that Z is isomorphic to
a subspace of Zi:o OX,, .

The rest of this chapter is devoted to the proof of Theorem 4.6. The basic
tool will be a combinatorial result concerning sequences in T5t. This result will
be presented in Section 4.2. The proof of Theorem 4.6 will be completed in
Section 4.3.

4.2 Finding incomparable sets of nodes

This section contains the key result towards the proof of Theorem 4.6. We will
comment, briefly, on the role of this result.
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The main problem behind our reasoning is the following. Given a bounded
block sequence (z,,) in T5° when can we extract a subsequence of (x,,) which is
equivalent to the standard basis of £57 This problem is, of course, reduced to
the problem of finding sufficient conditions on a sequence (x,) in order to be
able to infer that the sequence satisfies an upper and, respectively, a lower /5
estimate.

Concerning the upper ¢5 estimate the problem is solved in Lemma 3.14 (in
fact, Lemma 3.14 is nearly optimal). We stress the fact that the condition given
in Lemma 3.14 does not imply that the sequence satisfies a lower ¢, estimate.
Actually, concerning the lower {5 estimate one has the following, more or less
obvious, condition.

Fact 4.8. Let (z,,) be a bounded block sequence in T and ¢ > 0. Assume that
there exists a sequence (Ay) of mutually incomparable, segment complete subsets
of T such that ||Pa, (zn)]| = ¢ for every n € N. Then for every k € N and every
ag, - .., 0, € R we have

k ) 1/2 k
e (S a2) <Y ang
n=0

n=0
In particular, the sequence (x,,) satisfies a lower o estimate.

The main result of this section provides sufficient conditions for the existence
of a sequence of incomparable sets of nodes as described in Fact 4.8 and thereby
giving sufficient conditions for checking the lower /5 estimate.

Proposition 4.9. [AD] Let X = (X, A, T, (zt):er) be a Schauder tree basis and
let (t,,) be the enumeration of T according to the bijection hr: T — N described
in Section 3.2. Let (y,) be a normalized block sequence in Ts and X > 0 such
that

1
{yn :n e N} C AWy + mBTéx.

Also let < 10073 - A~ and assume that
limsup || Py (yn)|| < r for every o € [T].

Then there exist L € [N]> and for every n € L a segment complete subset A,
of T such that the following are satisfied.

(i) For every n € L we have A,, C {ti : k € range(y,)} and ||Pa, (yn)| = 2/3.
(ii) For every pair n,m € L with n # m the sets A,, and A,, are incomparable.

Proof. Let n € N be arbitrary. By our assumptions, there exist w,, € W§ and
x, € T5t such that ||z, || < 100! and y,, = Aw,,+x,,. This implies, in particular,
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that ||y, — Aw,| < 10071, Let I, = range(y,) and R, = {tx : k € I,}.
Without loss of generality we may assume that supp(w,) C R,, for every n € N.
Indeed, by Fact 3.3, the set R, is segment complete and so Pg, (W) C W
and |Pg, || = 1 for every n € N. So, in what follows we will assume that
supp(wy,) € R,. This property clearly implies that the sequence (w,,) is block
as well.

For every n € N we select a family {s,...,sd"} of pairwise incomparable
segments of T such that si, C R,, for all i € {0,...,d,}, and

dn N\ 1/2
Il = (3 1Py Q) ?) (4.4)
=0

Since ||ly,|| = 1 and ||y, — Awy,|| < 1001, we have 99/100 < ||Aw,, | < 101/100.

We set 6 = 8210072 - \=2. Notice that A\v/0 = 8/100. We define
Gn={i€{0,....dn}: | Py (wn)| > 0}. (4.5)

Claim 4.10. For every n € N the following hold.

(i) |Gn] <4-272-072.

(@) (Sico, [P wl?) " = 0710

Proof of Claim 4.10. (i) Notice that

2> | Aw,| = ( 3 HP%(/\wn)HQ)l/Q > )\( 3 92)”2 — -0/

i€Gp, i€Gp

which gives the desired estimate.

(ii) Fix n € N. Since w,, € W2, the vector w, is of the form w,, = Zk

=0
where k,, € N, Z?;O al, =1 with @/, > 0 and z, € Bx , for some o}, € [T]. For
every i € {0,...,dy} let 8% = || Py (wy)|]. We claim, first, that (" 81 < 1.
Indeed, for every i € {0,...,d,} let

Hy={j €{0,....kn} : supp(a}) N5}, # 0.

Jopd
a’n‘rn

Since supp(z?) is a chain and the family {s9,... sd"} consists of pairwise in-
comparable segments, we see that H;, N H;, = 0 if 41 # i5. Moreover,

k

n
By = 1P (o)l = || Py (Do @bt )|l = [P (3 @bt )| < 32 ah
j=0 JEH; JEH;
and so
dn dn kn

OLED DD BRI S

=0 =0 jeH; 7=0
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which gives the desired estimate. By the definition of G,,, we have that if i ¢ G,
then ) < 0. It follows that

(3 i ownl?) ™ = AT ) <a( X si0)”
igGn igGn i¢Gy

A-J@(Zﬁi)l/Qg)\-\/éz%

i¢Gy

/2

by the choice of 6. This fact combined with equality (4.4) and the estimate
[[Awy || = 99/100 yields that

/2
Py (A, 2) > 4.
(32 1Ry, ) s (4.6)
i€Gp

Using inequality (4.6) and the estimate ||y, — Awy,|| < 1/100, we conclude that

/2 9

(X 1P wl?) = 3

i€Gn

The claim is proved. O

By part (i) of Claim 4.10, the choice of § and by passing to a subsequence
of (y,) if necessary, we may assume that |G, | = k for every n € N, where

4-100*

M

k<

Of course, the exact numerical estimate of the size of the set GG, is not important.
What is crucial is that the bound is uniform. For every n € N let us re-enumerate
the family {s’, : i € G,,} of incomparable segments of 7', say as {s,...,sF" 1},

Claim 4.11. Leti € {0,...,k—1} and M; € [N]*>°. Then there exist N; € [M;]>
and for every n € N; disjoint segments g*, and b:, of T such that the following
are satisfied.

(i) For every n € N; we have s, = g, U be, (that is, g, cmd b, form a partition
of st). Moreover, for every t € b%, and every s € g, we have t C s.

(ii) For every n € N; it holds that || Py (yn)|| <.

(iii) For every m,m € N; with n # m if both ¢!, and gi, are nonempty, then
they are incomparable.

Proof of Claim 4.11. For every n € M; let t, be the C-minimum node of st .
Notice that t,, # t,, for every pair n,m € M; with n # m. By Ramsey’s
theorem, there exists I € [M;]> such that one of the (mutually exclusive)
possibilities must occur.
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CASE 1: The set {t, : n € I} is an antichain. In this case we set N; = I and
for every n € N; we define g/, = s/ and b!, = (). It is easy to see that these
choices satisfy the requirements of the claim.

CASE 2: The set {t, : n € I} is a chain. Let 7 € [T] be the branch of T’
determined by the infinite chain {¢, : n € I}. By our assumptions on the
sequence (yy,), we see that

lim sup || Pr(yn )| < limsup [ Pr(yn)[| < 7.
nel
Hence, there exists N; € [I]* such that || P-(y,)|| < r for all n € N;. For every
n € N; we set gt = 5% \ 7 and b%, = s{, N7. It is also easy to check that these
choices are as desired. The claim is proved. O

Applying Claim 4.11 successively, we obtain N € [N]*° and for every n € N
and every i € {0,...,k— 1} disjoint segments gi and b’, such that the following
are satisfied.

(a) For every n € N and every i € {0,...,k — 1} we have s{, = g’ U b’ and,
moreover, if ¢t € b} and s € g}, then t C s.

(b) For every n € N and every i € {0,...,k — 1} we have || Py: (yn)|| <7

(c) For every i € {0,...,k — 1} and every pair n,m € N with n # m if the
segments g?, and g, are nonempty, then they are incomparable.

For every pair 4,5 € {0,...,k—1} let C; ; be the subset of [N]? consisting of all
(n,m) € [N]? for which the segments g/, and g/, are nonempty and comparable.
Applying Ramsey’s theorem successively, we find L € [N]> such that for every
i,j € {0,...,k — 1} we have that either [L]? N C;; = 0 or [L]* C C; ;. We
claim that for every pair i,j the first alternative must occur. Indeed, assume
on the contrary that there exist i,j € {0,...,k — 1} such that [L]* C C; ;. Let
L ={ly <ly <ly <---} be the increasing enumeration of L. Notice, first,
that the segments gfo, gfl and 9{2 are nonempty. Moreover, both gfo and gfl
are comparable with 9{2' Let tg,t; and to be the C-minimum nodes of g}o, gfl
and 9{2 respectively. Since Iy < 1 < l2 and the sequence (y,) is block, we see
that {9 C t¢2 and ¢1 T t2. But this implies that the segments g; and g; are
comparable, in contradiction with property (c) above. Hence [L]> N C; ; = 0 for
every i,7 € {0,...,k —1}.

For every n € L we set

A, ={t:teg, forsomeiec{0,....k—1}}. (4.7

We claim that the set L and the family {A,, : n € L} satisfy the requirements of
the proposition. Indeed, notice first that, by property (a) above and the remarks
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preceding (4.4), for every n € L we have A, C R, = {tx : k € range(yn)}.
Moreover, the discussion in the previous paragraph implies that if n,m € L
with n # m, then A, is incomparable with A,,. What remains is to estimate
the quantity ||Pa, (y.)|| for every n € L. To this end fix n € L. By our
hypotheses on r and the estimate on k, we have

1 2-100%- X 1
k< . < —. 4.8
VES G e 10 (48)
By property (a) above, we see that | Pys (yn)| < 1Py (g I+ | Pes (g for every
i €{0,...,k —1}. Hence, by property (b) and the estimate (4.8), we obtain

k—1 1/2 k—1 1/2
(Y 1Ps@a)I2) ™ < (1P wl?) + vk
=0 =0
k-1 12 1
< i« \Yn 2) e
(D 1Py wa)2)  + 55

©
I

So, by part (ii) of Claim 4.10, we conclude that

k—1 1/2 k—1 12 1 9
1Pa, )l > (D2 1P wa)2) = (X IPu wa)2) = 5> 5
=0 =0
The proof of Proposition 4.9 is completed. O

4.3 Proof of Theorem 4.6

Let X = (X, A, T, (x¢)ter) be a Schauder tree basis and 1 < p < +oo. Let
J: A;f — T5F be the natural inclusion operator. Fix a block subspace Z of Aff.
We consider the following (mutually exclusive) cases.

CASE 1: The operator J: Z — T236 s not an isomorphic embedding. We will
show that this case implies part (i) of the theorem; that is, the subspace Z
must contain an isomorphic copy of £,. To see this notice first that the operator
J: Z — Tt is one-to-one. Hence, for every finite co-dimensional subspace Z' of
Z the operator J: Z' — T is not an isomorphic embedding. By Proposition
B.5, there exists a block subspace Z” of Z such that the operator J: Z/ — T5¢
is compact.

We claim that Z” is hereditarily ¢, and therefore that Z contains an isomor-
phic copy of £,. This is a consequence of the following general fact.

Proposition 4.12. Let (X,| - ||) be a Banach space, let W be a closed, con-
vex, bounded and symmetric subset of X and let 1 < p < 4+o00. Consider the
p-interpolation space A,(X, W) of the pair (X, W) and let J: Ap(X, W) — X
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be the natural inclusion map. Let Y be an infinite-dimensional subspace of
AL (X, W). Assume that the operator J: Y — X is strictly singular. Then'Y is
hereditarily €, .

Proof. Notice that it is enough to show that Y contains an isomorphic copy of
£,. To this end, for every n € N with n > 1let ||-||,, be the equivalent norm on X
induced by the Minkowski gauge of the set 2"W + 27" By . Consider the space
E= (Y oX]- ||”)>£p' For every k € N with k& > 1 let P be the natural

(bounded) projection from E onto the subspace Ej = (Z::1 (X, [ - lIn),

of E. By the discussion in Appendix B.3, the interpolation space A,(X, WS
is identified with the “diagonal” subspace A = {(z,z,...) € E : z € X} of
E. Moreover, our assumption that the operator J: Y — X is strictly singular
reduces to the fact that for every k € N with k£ > 1 the operator P: Y — Ej
is strictly singular. Using these observations the result follows by a standard
sliding hump argument. The proof is completed. O

CASE 2: The operator J: Z — Tt is an isomorphic embedding. We set
Y = J(Z). Notice, first, that Y is a (closed) block subspace of T5. Our main
goal is to show that there exists a finite subset A of [T] such that the operator
Pr,: Y — Xpr, is an isomorphic embedding. This property easily yields that
the operator Pr,: Z — Xr, is also an isomorphic embedding; that is, part (ii)
of the theorem is valid.

We will argue by contradiction. So, assume that for every finite subset A
of [T] the operator Pr,:Y — Xr, is not an isomorphic embedding. In other
words and according to Definition 3.4, Y is a weakly X-singular block subspace
of Ts*. Hence, the structural results obtained in Section 3.4 can be applied to
the subspace Y. In particular, using Corollary 3.19, we may select, recursively,
a normalized block sequence (y,) in Y such that for every n € N with n > 1
and every o € [T'] we have

1 1
>iso lsupp(y;)| /2 22"

Such a selection guarantees the following.

[1P5 (yn) || <

(a) By Lemma 3.14, the sequence (y,,) satisfies an upper ¢y estimate.
(b) For every o € [T] we have | P, (yn)|| — 0.

We wish to apply Proposition 4.9 to the sequence (y,). The fact that it can
indeed be applied is the content of the following claim.

Claim 4.13. For every € > 0 there exists a constant A\ = A(e) > 0 such that
By g )\Wx + é‘BTér .
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Proof of Claim 4.13. The desired property is essentially a consequence of the
fact that the operator J: Z — Y is an isomorphism. Specifically, let C' > 1 be
such that

[2lax < C- 1T (2) Iz (4.9)

for every z € Z. Fix € > 0 and select £k € N with £ > 1 and such that
C-27F1 <o, Weset A = C -2 and we claim that \ is as desired. Indeed,
let y € By be arbitrary and set z = J~!(y) € Z. By (4.9), we have

- /
(Z HyIIZZ)1 = I2llax < C.
n=1

Hence ||y||r < C < 2C and, therefore,
y € (C- 2" Wx + (C- 27" Byx CAWx + By,
The claim is proved. O

By Claim 4.13, we see that {y, : n € N} C /\Wx—|—200_1BTéx for some A > 0.
Applying Proposition 4.9 and passing to a subsequence of (y,) if necessary,
we see that there exists a sequence (A,) of mutually incomparable, segment
complete subsets of T" such that

(c) for every n € N we have A,, C {t; : k € range(y,)} and ||Pa, (yn)|| = 2/3.
By Fact 4.8 and properties (a) and (c) above, we see, in particular, that

(d) there exists a constant § > 1 such that the sequence (y,) is d-equivalent to
the standard unit vector basis of /5.

For every t € T let ef € (T5°)* be the bi-orthogonal functional of e;. We select
a sequence (y) in (T5%)* such that for every n € N we have

(e) llyill =1, y* € spanie} : t € A,} and y¥ (yn) = 2/3.
The above choice yields that for every z € T5* we have
* 2 1/2
(Y wi@?) ™ < all (4.10)
neN

Indeed, observe that |y (z)| < ||Pa, (z)] for every n € N. Since the sequence
(A,) consists of pairwise incomparable segment complete subsets of T', inequal-
ity (4.10) follows.

We set E = span{y, : n € N}. We define P: Ty* — E by

P@)=Y" y”(w)) Yn- (4.11)

neN y:(yn

We isolate below two basic properties of the operator P.
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Claim 4.14. The operator P is a well-defined bounded projection. Moreover,
if § 21 isasin (d) above, then ||P| < 26

Proof of Claim 4.14. Clearly P is a projection. We shall estimate the norm of
P. To this end, fix a finitely supported vector = in T5*. The sequence (y,) is
d-equivalent to the standard ¢5 basis, and so

1/2 (e) 1/2
1P@)I <0 (Y wn@? v ?) <2 (Y un@?)
neN neN
By (4.10), we conclude that || P|| < 24. The claim is proved. O

Claim 4.15. We have P(Wx) C conv{+2y, : n € N}.

Proof of Claim 4.15. Fix w € W{. By definition, the vector w is of the form
w= Zf:o a;r; where k € N, Zf:o a; =1 with a; > 0 and z; € By, for some
o; € [T). For every i € {0,...,k} let s5; be the minimal segment of T that
contains supp(z;) (this segment exists because the support of z; is a chain). For
every n € N we set F,, = {i € {0,...,k} : 5, N A, # 0}. Since the sequence
(A,) consists of pairwise incomparable sets of nodes, we see that F,, N F,,, =0
if n # m. Moreover,

‘yn Z Q- |yn xl Z Qi.

i€ Fy, i€F,

Hence, setting 0,, = |y (w) -y (yn) | for every n € N and invoking property
(e), we obtain that

Za 22|yn <2:) Y ai<2) a=2

neN neN neNieF, =0

The above inequality clearly implies that P(w) € conv{£2y, : n € N}. The
claim is proved. O

We are ready for the last step of the argument. To this end, we need the
following lemma.

Lemma 4.16. [N] Let E be a Banach space and let W be a convex subset ofE
Let A\ >0 and0 < e < 1, and assume that Bg C \W+eBg. Then Bg C W.

Proof. Fix e € E. By our assumptions, there exist wg € W and zy € Bg
such that e = Awg + €z0. We set e; = e — Awp. Then |ler|| < ¢z < ¢
Hence, there exist w; € W and z; € Bg such that e; = Aew; + €221. We set
ey = €1 — dew; = e — (Awp + Aewp) and we notice that |lea|| < €2]21]] < ¢

Continuing recursively, we construct a sequence (w,) in W and a sequence
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(e,) in E such that for every k € N with k& > 1 we have [lex]| < ¥ and
e =e— ()\ Zi;é E"wn). These properties and the convexity of W yield that

w:(l—s)ZE"wn ew.

n=0
Moreover, e = ()\ (11— 6)_1)11}. The proof is completed. O
By Claim 4.13, there exists A > 0 such that By C AWx+(46) ' Brx. Notice
that F is a subspace of Y, and so, B C By. Hence

L

By C AW,
£ AWx+ o5

BT2X .

Applying P in the above inclusion and taking into account that P is a projection
on FE with ||P|| < 29, we see that

1
By C AP(Wx) + 3 Br.

Clearly AP(W¥x) is a convex subset of E. Therefore, by Lemma 4.16, we obtain
that

Br C2AP(Wx).
Invoking Claim 4.15, we conclude that
Bp C 2Xconv{£2y,, : n € N}. (4.12)

We have reached the contradiction. Indeed, by (d) above, the sequence (y,) is
equivalent to the standard unit vector basis of 5. On the other hand, inclusion
(4.12) implies that the basic sequence (y,) is equivalent to the standard unit
vector basis of £1. This is clearly a contradiction. The proof of Theorem 4.6 is
completed.

4.4 Comments and Remarks

1. We stress the fact that Theorem 4.6 is valid for an arbitrary subspace of Aff.

Theorem 4.17. [AD] Let X be a Schauder tree basis and 1 < p < +00. Let Z
be a subspace of Af. Then either

(i) Z contains an isomorphic copy of £y, or

(ii) there emists finite A C [T| such that the operator Pr,: Z — Xr, is an
isomorphic embedding.
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The proof of Theorem 4.17 follows exactly the same steps of the proof of The-
orem 4.6. The only difference is that one has to replace the standard notion
of a block sequence with the more general, but less conventional, notion of a
“pointwise null sequence” (see [AD, Definition 31]). Actually, once the basic
arguments of the proof of Theorem 4.6 have been understood, then one easily
realizes that it takes a small step to go from block subspaces to arbitrary ones.

Concerning the proof of Theorem 4.6 we point out that it follows some of
the arguments in the work of Argyros and Felouzis [AF]. There is, however, a
notable exception: the proof of Proposition 4.9. The corresponding result in
[AF] is based on a probabilistic argument (see also [M] for an exposition). This
argument is not suitable for the proof of Proposition 4.9 due, mainly, to the
fact that we have to deal with infinitely splitting trees. The proof we presented,
taken from [AD], is of combinatorial nature and relies heavily on the description
of the norm of T3,

2. We notice that there are many variants of the p-amalgamation space. For
instance, let U be a Banach space with an unconditional basis (u,) and let X be
a Schauder tree basis. The U-amalgamation space AF of X is the interpolation
space of the pair (T3¢, Wx) which is obtained using the norm of the space U
in (B.1) instead of the ¢, norm. It is straightforward to adapt the machinery
developed in this chapter in this setting. In particular, Theorem 4.17 has the
following reformulation.

Theorem 4.18. [AD] Let X be a Schauder tree basis and let U be a Banach
space with an unconditional basis. Let Z be a subspace of A%. Then either

(i) Z contains a subspace isomorphic to a subspace of U, or

(ii) there emists finite A C [T] such that the operator Pr,: Z — Xr, is an
isomorphic embedding.

More involved is the construction of the HI amalgamation space A%, of a
Schauder tree basis X, a variant also introduced in [AD]. It is obtained using the
method of “HI Schauder sums” developed by Argyros and Felouzis [AF]. This
method allows one to use an HI norm as an external norm in (B.1) yielding the
following result.

Theorem 4.19. [AD] Let X be a Schauder tree basis. Let Z be a subspace of
A, Then either

(i) Z contains an HI subspace, or

(ii) there exists finite A C [T'] such that the operator Pr,: Z — Xr, is an
isomorphic embedding.



Chapter 5

Zippin’s embedding
theorem

A deep result of Per Enflo [E] asserts that there exists a separable Banach
space without a Schauder basis. On the other hand, by Theorem 1.8, every
separable Banach space embeds into a Banach space with a Schauder basis. An
old problem in Banach space theory (see [LT, Problem 1.b.16]) asked whether
every space X with separable dual is isomorphic to a subspace of a space Y
with a shrinking Schauder basis.

More generally, for every separable Banach space X with a certain property,
say property (P), one is looking for a space Y with a Schauder basis and with
property (P) and such that Y contains an isomorphic copy of X. This “embed-
ding problem” is one of the central problems in Banach space theory and, by
now, there are several strong results obtained in this direction.

This chapter is devoted to the proof of the following theorem of Zippin (as
well as to a parameterized version of it) which answers affirmatively this “em-
bedding problem” for two of the most important properties of Banach spaces.

Theorem 5.1. [Z] The following hold.

(i) Every Banach space X with separable dual embeds into a space Y with a
shrinking Schauder basis.

(ii) Every separable reflexive space X embeds into a reflexive space Y with a
Schauder basis.

Our presentation is based on an alternative proof of Theorem 5.1 due to
Ghoussoub, Maurey and Schachermayer [GMS]. The approach of [GMS] is based
on a selection result which has other applications beside its use in the proof of
Theorem 5.1. The parameterized version of Theorem 5.1, due to Bossard [Bos2],
asserts that the embedding of X into Y can be done “uniformly” in X.

69
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5.1 Fragmentation, slicing and selection

Throughout this section by E = (E,7) we denote a fixed compact metrizable
space. We also fix a countable basis (V},,) of the topology 7 of E consisting of
nonempty open sets.

5.1.1 Fragmentation

A fragmentation A: E x E — R on F is a metric on F such that for every
nonempty closed subset K of E and every € > 0 there exists an open subset V'
of E with KNV # () and such that A — diam(K NV) < ¢ where, as usual, we
set A — diam(A) = sup{A(z,y) : z,y € A} for every A C E.

Notice that if A is a fragmentation on E, then the metric space (E, A) must
be separable. For if not, then we would be able to find € > 0 and a family
I' = {z¢ : £ < wi} C E such that A(z¢,x¢) > € for every € # (. Refining if
necessary, we may assume that for every { < w; the point z¢ is a condensation
point of I in (E, 7). Setting K to be the closure of I' in (E,7), we see that
for every relatively open subset V' of K there exist z,y € V with A(z,y) > ¢,
contradicting the fact that A is a fragmentation. Using this observation and
Baire’s classical characterization of Baire-1 functions we obtain the following
proposition.

Proposition 5.2. A metric A on E is a fragmentation if and only if the identity
map Id: (E,7) — (E,A) is Baire-1.

Proof. A classical result in the theory of Borel functions asserts that if X is a
Polish space, Y is a metrizable space (not necessarily separable) and f: X — Y
is Borel, then f(X) is separable (see [Sr, Theorem 4.3.8]). Hence, if Id is Baire-1,
then the metric space (E,A) is separable. By Baire’s classical characterization
of Baire-1 functions (see [Ke, Theorem 24.15]), we see that for every K € K(E)
the map Id|x has a point of continuity. This implies that A is a fragmentation.

Conversely, let A be a fragmentation and K € K(FE). By our assumptions,
we see that for every ¢ > 0 the set O. = {z € K : osc(Id|g)(z) < €} contains
a dense open subset of K, where by osc(Id|x) we denote the oscillation map
of the function Id|k. It follows that Id|x has a point of continuity. Invoking
Baire’s characterization again, we conclude that Id: (E,7) — (E,A) is Baire-1.
The proof is completed. O

As a consequence we have the following corollary.

Corollary 5.3. Let A be a fragmentation on E. Then the map A: (E,T) X
(E,7) — R is Baire-1.
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Proof. The metric space (E, A) is separable. Hence, by Proposition 5.2, we see
that the identity map Id: (E,7) x (E,7) — (E,A) x (E,A) is Baire-1. The
proof is completed. O

We should point out that the converse implication in Corollary 5.3 is not
valid. That is, if A is a metric on E such that the map A: (E,7) x (E,7) = R
is Baire-1, then A is not necessarily a fragmentation (consider, for instance, the
discrete metric on E).

5.1.2 Slicing associated to a fragmentation

Let A be a fragmentation on E. For every € > 0 we define the slicing function
fae: K(E) — K(E) associated to A and ¢ as follows. We set fa (0) = 0. For
every nonempty K € K(FE) let

mig =min{m e N: KNV, # 0 and A — diam(K NV,,,) < e}

Notice that m is well-defined since A is a fragmentation and (V) is a basis
of . We set

fA,a(K) = K\VmK-

That is, fa -(K) results by removing from K the first nonempty relatively basic
open subset of K with A-diameter less than or equal to . Clearly fa o(K) is
closed and fa (K) C K for every K € K(FE) and every ¢ > 0.

The slicing of E associated to A and € > 0 is a decreasing transfinite se-
quence (EZ,8 : & < wy) of closed subsets of E defined recursively by

E.=E, BX'! = fa(BX,)and EX . =) ER . if A is limit.
E<A

There exists a countable ordinal ¢ such that E&E = (. The index Ind(A, ¢, E)
of this slicing is defined to be the least ordinal £ < w; such that Eg‘;l = 0.
Notice that if Ind(A, e, E) = &, then EEA’E # (). We also observe that for every
& <Ind(A, e, E) the set Ei’s \ Egtj has A-diameter less than or equal to €.

5.1.3 Derivative associated to a fragmentation

As in Section 5.1.2, let A be a fragmentation of E. For every ¢ > 0 we define
the derivative Da . K(E) — K(F) associated to A and € by

Dac(K) = K\ J{Vim: KNV, # 0 and A — diam(K NV;,,) < e}

K\U{V C E:Visopen and A —diam(KNV) < e}
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That is, Da (K) results by removing from K all relatively basic open subsets
of K with A-diameter less than or equal to €. Observe that Da . is a derivative
on K(E) according to the terminology in Appendix A.

Notice, however, that the slicing function fa . is not a derivative on K(FE).
Actually, fa . is just a version of Da . with delay. Precisely, for every K € K(E)
let (KiE : &€ < wy) be the slicing of K according to A and € > 0 defined
recursively by

KR . =K, Ki'! = fac(KX,) and KX, = (1) K& if A is limit.
E<A

We have the following proposition.

Proposition 5.4. Let A be a fragmentation on E and € > 0. Then for every
K € K(E) we have KR . C Da (K). Moreover,

Ind(A,e,E) <w - |E|p,..-

Proof. Fix e > 0 and K € K(FE) nonempty. For notational simplicity for every
n <w we set K, = KX .. Let m, € N be defined by

my, =min{m € N: K, NV, # 0 and A — diam(K,, N V;;,) < e}.

Observe that for every n € N we have K,,11 Lef K \Vi, = K\(Vipo U+ - -UVyy, ).

Hence m,, # my if n # 1.

Let k € N be such that K NV}, # 0 and A — diam(K NVy) < e. We claim
that there exists n € N with K,, NV, = 0. Assume not. The sequence (K,) is
decreasing. It follows that for every n € N we have

ke{meN:K,NV, #0and A —diam(K, NV,,) < ¢},
and so, m,, < k. But this is clearly impossible and our claim is proved. The
above discussion implies that
def

KZ,E(K) - nKn C Da:(K)

as desired.
Now, taking into account the fact that KR . C Da (K) for every K € K(E),
we will show that for every countable ordinal £ it holds that

ERS C DS (B). (5.1)

We proceed by transfinite induction. For £ = 0 the above inclusion is trivially
valid. If £ = ( + 1 is a successor ordinal, then using the fact that Da . is a
derivative and our inductive hypothesis we see that

w- 1 w-C\W w-
EA,(ECJ’_ ) = (EA,E)A,E g DA’E(EA,E) g -DA,s (DCA,e(E)) = DCAtSl(E)
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If £ is a limit ordinal, then
BRE= [ ERe € () Dao(B) = DAL(E).
(<€

Finally, observe that inclusion (5.1) yields the desired estimate for Ind(A, ¢, E).
Indeed, set n = |E|p, . and notice that D} _(F) = 0. Therefore, by (5.1), we
obtain that EX! = () and so Ind(A,¢,E) < w-1 = w - |E|p, .. The proof is
completed. O]

5.1.4 The “last bite” of a slicing

Let A be a fragmentation on E and € > 0. Consider the slicing (Ei’e (€ <wi)
associated to A and € defined in Section 5.1.2. For every nonempty K € K(FE)
there is an ordinal 7 < Ind(A, ¢, E) such that KN EX _ # 0 and K N EZT; = 0.
We set

Ind(A,e,K) =n and La(K)=KNE}
and we call n the index of K with respect to the slicing (Eia 1€ < wy). Also

let La (@) = 0. The map La.: K(E) — K(E) is called the “last bite” of the
slicing. Let us summarize the basic properties of the “last bite” map.

Proposition 5.5. [GMS] Let A be a fragmentation on E and € > 0. Then
the following are satisfied.

(i) For every K € K(FE) we have A — diam(LA7€(K)) <e.
(il) If K C C are in K(E) and nonempty, then Ind(A, e, K) < Ind(A,e,C).

(iii) If K C C are in K(E) and © € K N La(C), then Ind(A, e, K) =
Ind(A,e,C) and x € La (K) C La (C).

(iv) If (K,) is a decreasing sequence in K(E) and K = (), Ky, then the se-
quence of ordinals (Ind(A,s,Kn)) is eventually constant. It follows, in
particular, that there exists ng € N such that La (K) = La(Ky).

n>=ngo

Proof. Parts (i), (i) and (iii) are straightforward consequences of the relevant
definitions. For part (iv) notice that --- < Ind(A, e, K1) < Ind(A, g, Ky) since
the sequence (K,,) is decreasing. Hence, the sequence (Ind(A,s,Kn)) must be
eventually constant. The proof is completed. O

5.1.5 The “dessert” selection of a fragmentation

Let A be a fragmentation on E. For every n € Nlet L,,: K(E) — K(E) be the
“last bite” map associated to A and £ = 27" as it was defined in Section 5.1.4.
We define, recursively, a sequence of maps S, : K(E) — K(E) (n € N) by

So(K) = K and Sn+1(K) = Ln+1(Sn(K))



74 CHAPTER 5. ZIPPIN’S EMBEDDING THEOREM

By part (i) of Proposition 5.5, for every nonempty K € K(F) and every n € N
with n > 1 the set S, (K) is nonempty and has A-diameter less than or equal to
27", Moreover, the sequence (S, (K)) is decreasing. If follows that [, S, (K) is
a singleton. The “dessert” selection associated to A is the map sa: K(F) — E
defined by

sa(K) = (1) Sn(K).

The basic properties of the “dessert” selection are summarized in the following
theorem due to Ghoussoub, Maurey and Schachermayer.

Theorem 5.6. [GMS] Let E be a compact metrizable space and let A be a
fragmentation on E. Then the “dessert” selection sa: K(F) — E satisfies the
following.

(i) For every nonempty K € K(E) we have sa(K) € K.

(i) If K C C are in K(E) and sa(C) € K, then sa(K) = sa(C).

(iii) If (Ky,) is a decreasing sequence in K(E) and K =, K, then
liglnA(sA(Km),sA(K)) =0.

Proof. Part (i) is clear. For part (ii) notice first that sa(C) € K N L1(C). By
part (iii) of Proposition 5.5, we have sa (C) € L1 (K) C L1(C). Hence, according
to our notation, sa(C) € S1(K) C S1(C). Again we see that sa(C) € S1(K)N
L5(S51(C)). Continuing inductively, we obtain that sa(C) € S, (K) C S,(C)
for every n € N. Tt follows that sa(C) = sa(K) as desired.

For part (iii) we argue as follows. Inductively and using part (iv) of Propo-
sition 5.5, we select a sequence (m,) in N and a sequence (&,) of countable
ordinals such that for every n € N with n > 1 the following hold.

(a) For every m € N with m > m,, we have Ind(A, 27", K,;,) = .

(b) The sequence {S,(K,) : m = my} is decreasing.

(c) We have N Sp(Km) = Sp(K).

It follows that for every m > m,, the points sa(K,,) and sa(K) belong to the

set EEA”Q,H \EZ";}n which has (by definition) A-diameter less than or equal to

27", The proof is completed. U

mz2mny

5.2 Parameterized fragmentation

As in the previous section, in what follows let E = (E,7) denote a compact
metrizable space and let (V;,,) be a countable basis of the topology on E con-
sisting of nonempty sets. We wish to parameterize the construction presented
in Section 5.1. To this end we give the following definition.
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Definition 5.7. Let Z be a standard Borel space. A parameterized Borel frag-
mentation on F is a map D: Z x E x E — R such that, setting D,(z,y) =
D(z,z,y) for every z € Z and every x,y € E, the following are satisfied.

(1) For every z € Z the map D,: E x E — R is a fragmentation on E.
(2) The map D is Borel.

Let D be a parameterized Borel fragmentation on E. By condition (1) in Def-
inition 5.7, for every z € Z the map D, is a fragmentation on E. Hence, fixing
z € Z we can define for every ¢ > 0 the slicing map fp,_ ., the derivative Dp_ .
and the “last bite” map Lp_ . associated to D, and . The parameterized ver-
sions of these maps are the parameterized slicing map fp.: Zx K(E) — K(E),
the parameterized derivative Dp .: Z x K(E) — K(F) and the parameterized
“last bite” map Lp.: Z — K(E) — K(F) associated to D and ¢ > 0, defined
by fD’E(Z7K) = sz,e(K)7 DD’E(Z,K) = DDZ,E(K) and LDﬁ(Z,K) = LDZ,E(K)
respectively. Finally, the parameterized “dessert” selection associated to D is
the map sp: Z x K(E) — E defined by sp(z, K) = sp, (K), where sp, is the
“dessert” selection associated to the fragmentation D,. The main result in this
section is the following theorem.

Theorem 5.8. Let E be a compact metrizable space and let Z be a standard
Borel space. Let D: Z x E X E — E be a parameterized Borel fragmentation on
E. Then the parameterized “dessert” selection sp: Z x K(FE) — E associated
to D is Borel.

For the proof of Theorem 5.8 we need the following lemma.

Lemma 5.9. Let E, Z and D be as in Theorem 5.8. Then for every e > 0 the
parameterized slicing map fp . and the parameterized derivative Dp . associated
to D and € are both Borel.

Proof. Fix e > 0. For every m € N let A,, C Z x K(F) be defined by

(z,K) € A, & (KNV,, #0) and (Vz,y € K NV, we have D(z,z,y) < €).
Claim 5.10. For every m € N the set A,, is Borel.
Proof of Claim 5.10. By condition (2) in Definition 5.7, for every p € N the set

Bmp C Z x K(E) x E x E defined by

1
(2, K,2,y) € Bmp < (x,y € KNV,) and D(z,2,y) > e+ P
is Borel. Let z € Z. By Corollary 5.3 and our assumptions on D, we see
that the map D,: (E,7) X (E,7) — R is Baire-1. It follows that for every
(2,K) € Z x K(E) the section {(z,y) : (2,K,z,y) € By p} of By, at (2, K)
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is K,. By a classical result of Arsenin and Kunugui (see [Ke, Theorem 35.46]),
the set

Cmp = pronXK(E)Bm’p = {(z7K) :3dx,y € E with (2, K,z,y) € Bm’p}
is Borel too. Noticing that
(2,K) € Ay, & (K NV, #0) and (Vp € N we have (z, K) ¢ Cy,p)
we conclude that A,, is Borel. The claim is proved. O

The above claim easily implies that the maps fp. and Dp. are Borel.
Indeed, notice that fp.(z,K) = K\ V, if (2,K) € A, and (2, K) ¢ A; for
every ¢ < m (the argument for Dp . is similar). The proof of Lemma 5.9 is
completed. O

We are ready to proceed to the proof of Theorem 5.8.

Proof of Theorem 5.8. By Lemma A.12; it is enough to show that for every
€ > 0 the parameterized “last bite” map Lp . associated to D and ¢ > 0 is
Borel. So, let us fix ¢ > 0. For every z € Z let £, = Ind(D,, ¢, E). Also let
(Egz,s : € < wy) be the slicing of E associated to D, and e.

Claim 5.11. We have sup{Ind(D,,¢,E) : z € Z} = & < wy.

Proof of Claim 5.11. By Lemma 5.9 and according to the terminology in Ap-
pendix A, the map Dp .: Zx K(E) — K(F) is a parameterized Borel derivative
on K(E). By Theorem A.10, the set

Qp,. =1{(2,K) € Zx K(E): Dy _(K) =0}

is II{ and the map (z,K) + |K|p,__ is a IIj-rank on Qp,, . Fix z € Z. Since
the map D, is a fragmentation on E we see that the iterated derivatives of F
according to Dp_ . must be stabilized at (), and so, the set A= {(z,F):z € Z}
is a subset of Qp, .. The set A is Borel. Hence, by part (ii) of Theorem A.2,
there exists a countable ordinal ¢ such that sup{|E|p, . : 2z € Z} = (. By
Proposition 5.4, for every z € Z we have

Ind(D;,¢,F) <w-|E|py, . Sw- (.
The claim is proved. O

Let & be the countable ordinal obtained by Claim 5.11. By transfinite
recursion, for every & < &, we define A¢ C Z x E as follows. We set A = Z x E.
If £ = ( + 1 is a successor ordinal, then we set

(z,x) € A5 ez € fp. (, (Ag)z)
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where (A%), = {z € E : (z,2) € AS} is the section of AS at z. If ¢ is a limit
ordinal, then we set
(z,z) € AS & (2,2) € ﬂ AS.
¢<g
Claim 5.12. The following hold.

(i) For every & < & the set AS is Borel and has compact sections.

(ii) For every &€ < & and every z € Z the section (A%), of A% at z coincides
with the set E%Z_E.

Proof of Claim 5.12. (i) The proof is similar to the proof of Claim 2.15 and
proceeds by transfinite induction on all ordinals less than or equal to &.. For
& = 0 it is straightforward. If £ = ( + 1 is a successor ordinal, then by our
inductive assumption and Theorem A.14, we see that the map z ~— (A¢), is
Borel. By Lemma 5.9, the map z — fp. (z, (AC)Z) is Borel too. Hence, by the
definition of A = A¢*! and invoking Theorem A.14 once more, we conclude that
AS is Borel. If € is limit, then the result follows immediately by the definition
of the set A¢ and our inductive assumption.

(ii) It follows by straightforward transfinite induction. The claim is proved. O

For every ¢ < & we define the “hitting” set H C Z x K(E) by
(2,K) € He < 3z € E with (z € K and (z,z) € A%).

Using part (i) of Claim 5.12 and arguing as in the proof of Lemma 5.9, we see
that He is Borel for every £ < &. By part (i) of Claim 5.12 and the definition
of the map Lp ., we obtain that

Lp.(2,K) = KN (A%, if and only if (2, K) € He and (2, K) ¢ Hey1.

This clearly implies that Lp . is a Borel map. The proof of Theorem 5.8 is
completed. O

5.3 The embedding

This section is devoted to the proof of Theorem 5.1. We will give the proof of
part (i) and we will explain, later on, how the construction yields part (ii) as
well. We need, first, to introduce some pieces of notation.

Notation 5.1. By ¢: 2< — N we denote the unique bijection satisfying ¢(s) <
o(t) if either |s| < [t], or |s| = |t| = n and s <jex t. (Here, by <jex we denote
the usual lexicographical order on 27.) Moreover, for every ¢t € 2<N we set
Vi={oce2N:tC o}
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We also isolate, for future use, the following elementary facts. Let n,k € N and
i € {0,1}. Set Ay = {¢p~1(m) : k < m < 2k} and 7, = {V; : t € Ai,}. We also
set t, =0 if n=0and t, = ¢~ '(n—1)"i if n > 1. Then the following hold.

(F1) The family 7 forms a partition of 2V into clopen pieces. Moreover, 1
is obtained from m by splitting the clopen set V-1 (which belongs
to m) into the clopen sets V-1 (x)~o and V-1 (x)~1.

(F2) If n < k, then for every t € A compatible with ¢, we have ¢, C t.
Moreover, the family {V; : t € Ay and t,, C ¢} forms a partition of V4, .

(F3) If n > k, then there exists a unique ¢t € Ay with t C ¢,,.

Now let X be a Banach space with separable dual. By Theorem 1.8, we may
assume that X is a subspace of C(2"). Let 1 € C(2") be the constant function
equal to 1. We fix a function gy € C(2V) that separates the points of 2V and
with ||go|lecc = 1. By replacing X with span{X U go U 1} if necessary, we may
assume that gy and 1 belong to X. We define Ay : 2V x 2V — R by

Ax(o,7) =sup{|f(o) — f(7)|: f € Bx}. (5.2)

Clearly, Ay is a metric on 2. Also observe that if (f,) is a dense sequence in
Sx, then Ax (o, 7) = sup{|fn(c) — fn(7)| : n € N} for every o,7 € 2V, Arguing
as in Lemma 2.9, it is easy to verify that if Ay is not a fragmentation, then we
would be able to find € > 0 and a perfect subset P of 2" such that Ay (o,0’) > ¢
for every o,0’ € P with o # ¢’. Hence, our assumption that X* is separable
reduces to the fact that Ay is a fragmentation of 2Y. We apply the analysis
presented in Section 5.1 and we obtain the “dessert” selection sx : K (2V) — 2N
associated to the fragmentation Ax.

We define a sequence (tX) in 2<N as follows. We set t; = ). For every
n € Nwithn >11lett = ¢ 1(n—1) where ¢ is the bijection between 2< and
N described in Notation 5.1. Consider the element sx (V;) of 2Y. By part (i) of
Theorem 5.6, there exists a unique ¢ € {0,1} such that t7i T sx(V;). We set
tX = t7j where j = i + 1 mod 2. Having defined the sequence (¢.X), we define
a normalized sequence (eX) in C(2Y) by the rule

eX = 1y, (5.3)
for every n € N. Before we proceed to our discussion on the properties of the
sequence (eX) we make the following simple observation. Let k,m € N with
tX C tX (by the properties of ¢ this implies that k < m). Then there exists a

node s € 2<N with t¥ C s, |s| = |t | and such that e\ (0) = 0 for every o € V.

Claim 5.13. The sequence (e.) is a normalized monotone basis of C(2V).
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Proof of Claim 5.13. First we observe that 1y, € span{e;X : n € N} for every
t € 2<N. Hence span{e) : n € N} = C(2"). Thus, it is enough to show that
(eX) is a monotone basic sequence. To see this let k,m € N with k& < m and
ag, ..., am € R. There exists o € 2N such that

k k
1> el =13 anen (@)].
n=0 n=0

By the remarks before the statement of the claim, we may find 7 € 2% such that

eX(1) = eX(0) if 0 < n < k while X (7) = 0 if k < n < m. Hence,

m m

k k
1D anelle =12 anen (@) = 1D anex (M| < || X_ aner || -
n=0 n=0 n=0 n=0

The claim is proved. O

For every k € N let P,: C(2V) — span{eX : n < k} be the natural pro-
jection. We will give a representation of P, which will be very useful in the
argument below. As in (F1) above, let A, = {¢71(m) : k < m < 2k} and
Wk:{‘/;g:tGAk}.

Claim 5.14. For every k € N and every f € C(2Y) we have

Pu(f) = fsx(V))1v.

Verg

Proof of Claim 5.14. Fix k € N. Let Ry: C(2Y) — C(2V) denote the operator
defined by
Re(f) = flsx(M)lv = Y f(sx(Vi))1v,.
Veny tEAy

Since ||Rg|| < 1, by Claim 5.13, it is enough to show that Ry (eX) = eX if n < k
while Ry(eX) = 0 if n > k. By (F2) and part (i) of Theorem 5.6, we see that
Ri(eX) = eX for every n < k. Now let n > k and consider the unique node ¢ in
Ay with ¢ © £ obtained by (F3) above. We claim that sx(V;) ¢ V;x; clearly,
this implies that Ry (eX) = 0. To see this let w be the immediate predecessor
of t;7 in 2<N. Notice that ¢t £ w C ¢ and so V;x €V, € V;. By the definition
of the sequence (t:X), we have

sx (Vi) ¢ Vi (5.4)

This implies that sx(V;) ¢ Vix. For if not, by part (ii) of Theorem 5.6, we
would have that sx (Vi) € V;x in contradiction with (5.4) above. The claim is
proved. O
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For every u € M(2V) = C(2Y)* and every f € C(2Y) we set u(f) = [ fdpu.
We define
Wo = | Pu(Bx). (5.5)
keN
Notice that Wy is bounded, convex and symmetric. The following lemma is the
key step towards the proof of Theorem 5.1.

Lemma 5.15. [GMS] For every u € M(2Y) we have

lim sup p(w— Py(w)) = 0.
k weWy
Proof. Let r > 0 be given. For every k € N and every o € 2" there exists a
unique clopen set V' € 7y such that ¢ € V. We shall denote it by V(o). Notice
that V(o) C V,,(0) for every o € 28 and every k,n € Nwith n < k. Let f € Bx
be arbitrary. By Claim 5.14, for every k € N we have

n(r=rO = | X [ 1) (sx (V) du(o)

= | [ £0) = (sx(Vi(0) duto)]
< / Ax (sx({o}), sx (Vi(0))) du(o).

For every o € 2 it holds {c} = [, Vi(c) and the sequence (Vi (o)) is decreas-
ing. Hence, by part (iii) of Theorem 5.6, we have Ax (sx ({c}), sx (Vi(c))) = 0
for every o € 2. Notice that 0 < Ax(o,7) < 2 for every pair 0,7 € 2V. By
Lebesgue’s dominated convergence theorem, there exists [ € N such that for
every k > [ and every f € Bx we have

lu(f = Pi(h))] < (5.6)

N3

Now let w € Wy be arbitrary and k& > [. There exist f € Bx and n € N with
w = P,(f). If n <k, then w — Py(w) =0. If n > k, then

w = Po(w) = (f = Pu(f)) — (f = Pa(f)).

Invoking (5.6), we see that [pu(w — Py(w))| < r for every w € Wy and every
k > 1. The proof is completed. O

We are ready for the last step of the proof of part (i) of Theorem 5.1. Let

Wx =Wo = | Pu(Bx). (5.7)
keN

We notice the following properties of Wx.
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(P1) Wy is closed, convex, bounded and symmetric.
(P2) Bx C Wx.
(P3) P,(Wx) C Wx for every k € N.

By (P1), the Davis—Fiegel-Johnson—Pelczyriski interpolation scheme can be ap-
plied to the pair (C(2Y),Wx) and p = 2 (see Appendix B.3). Denote by Z the
interpolation space and by J: Z — C(2V) the natural inclusion map. By (P2),
we see that X is contained in Z. We observe that e;X € span{Wx} for every
n € N. For n = 0 this follows form the fact that 1 € Bx and Py(1) = . Now
let n > 1. Also let gg € Bx be the fixed function that separates the points of
2V and write go = >, oy arei - Notice that ap # 0 for every k € N. Hence
anef = Pn(go) — Pn_l(go) eWx — Wx.

We set 2X = J 1(eX) for every n € N. It follows, by (P3), the above
discussion and Proposition B.9, that (2.X) is a monotone Schauder basis (not
normalized) of Z. For every k € N let Qp: Z — span{zX : n < k} be the
natural onto projection. It is easy to see that J(Qy(z)) = Py(J(2)) for every
z € Z and every k € N. We claim that (z;) is shrinking. This is equivalent to
saying that

lim sup z*(z — Qx(2)) = 0 for every 2* € Z*. (5.8)
k z€Bgz
Notice that we need to check (5.8) only for a norm dense subset of Z*. By
part (vi) of Proposition B.8, the dual operator J*: M(2Y) — Z* has norm
dense range. Hence, it is enough to show that

liin Zlg) 1(J(2) — Pu(J(2))) = 0 for every p € M(2Y). (5.9)
2€Bz
By the definition of Z, for every € > 0 there exists n € N such that every z € By
can be written as z = 21 + 22 where J(z1) € 2"Wy and ||J(22)|| < €. Combining
this fact with Lemma 5.15, we see that (5.9) is valid. This shows that (2;Y) is
shrinking. The proof of part (i) of Theorem 5.1 is completed.
As we have already mentioned in the beginning of the section we shall explain
how the proof of part (i) of Theorem 5.1 yields part (ii) as well. But before that
let us isolate in a definition the above described construction.

Definition 5.16. Let X be a subspace of C(2Y) with separable dual and such
that 1,90 € X. By Z(X) we shall denote the space constructed following the
procedure described above. We shall call the space Z(X) as the Ghoussoub—
Maurey—Schachermayer space associated to X.

Let us gather what we have shown so far concerning the Ghoussoub—Maurey—
Schachermayer construction.
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Theorem 5.17. [GMS] Let X be a subspace of C(2") with separable dual and
such that 1,g0 € X. Then the space Z(X) associated to X has a shrinking
Schauder basis and contains an isomorphic copy of X.

By Theorem 5.17, part (ii) of Theorem 5.1 is an immediate consequence of
the following lemma.

Lemma 5.18. Let X be a subspace of C(2V) such that 1,99 € X. Assume that
X is reflexive. Then the following hold.

(i) The set Wx defined in (5.7) is weakly compact.
(ii) The space Z(X) associated to X is reflexive.

Proof. By Proposition B.8, it is enough to show that the set Wx is weakly
compact. To this end, let J: Z(X) — C(2%) be the inclusion map. We have
already mentioned that X is contained in Z(X). We set K = J~!(Bx). Notice
that K is a weakly compact subset of Z(X). Recall that for every k € N by
Qr: Z(X) — span{zX : n < k} we denote the natural onto projection. As the
basis (2X) of Z(X) is shrinking, by Lemma B.10, we see that the set

K =KU|]J Qk(K)
kEN
is a weakly compact subset of Z(X). Hence, so is the set J(K'). Finally notice
that J(K') = Wx. The proof is completed. O

5.4 Parameterizing Zippin’s theorem

This section is devoted to the proof of a result, due to Bossard, asserting that the
Ghoussoub-Maurey—Schachermayer construction (as presented in Section 5.3)
can be done “uniformly” in X. Before we give the precise statement, we intro-
duce the following notation. For every X € SB we set

Ex =span{X U1Ugg}

where, as in Section 5.3, by 1 we denote the constant function on 2N equal to
1 while by go € C(2") we denote a fixed function that separates the points of
2% and with ||go/lc = 1. Clearly X is a closed subspace of Ex. Also notice
that E'x has separable dual (respectively, Ex is reflexive) if and only if X* is
separable (respectively, X is reflexive). We are ready to state and prove the
main result of this section.

Theorem 5.19. [Bos2] Let B be a Borel subset of SD. Then the set Z C BxSB
defined by
(X,Y) e Z&Y isisometric to Z(Ex)

s analytic.
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Proof. Let d,,: SB — C(2N) and S,,: SB — C(2") (n € N) be the sequences of
Borel maps described in properties (P2) and (P3) in Section 2.1.1. Recall that
the sequence (dn (X )) is norm dense in X for every X € SB, while the sequence
(5,,(X)) is norm dense in the sphere Sx of X for every X € SB with X # {0}.
Notice that Ex # {0} for all X € SB.

Claim 5.20. The map SB > X — Ex € SB is Borel.

Proof of Claim 5.20. Let U be a nonempty open subset of C(2V). Noticing that
ExNU#0 < 3dneNdp,qgeQ with d,(X) +pl+qg €U

we see that the set {X : Ex NU # 0} is Borel. The claim is proved. O

Let B be as in the statement of the theorem. Define D: B x 2N x 2N 5 R
by
D(X,0,7) = sup {|Sn(Ex)(c) — Su(Ex)(7)| : n € N}. (5.10)

By Claim 5.20, we see that the map D is Borel. We observe that for every
X € B and every o,7 € 2V we have D(X,0,7) = Ap, (0,7), where A, is the
fragmentation on 2V associated to the space Ex and defined in (5.2). It follows
that D is a parameterized Borel fragmentation according to Definition 5.7. We
apply Theorem 5.8 and we obtain a Borel map s: B x K (2V) — 2 such that for
every (X, K) € B x K(2") the point s(X, K) coincides with the point sz, (K),
where sg, is the “dessert” selection associated to the fragmentation Ag, . For
every X € B let (e£X) be the monotone basis of C(2Y) defined in (5.3). We
have the following claim.

Claim 5.21. The map B 3 X ~ (e£x) € C(2M)Y is Borel.

Proof of Claim 5.21. It is enough to show that for every n € N the map
B > X — elfx is Borel. So fix n € N. Let t = ) if n = 0; otherwise, set
t = ¢~(n — 1) where ¢ is the bijection between 2<N and N described in No-
tation 5.1. We define By = {X € B : t"1 C s(Ex,V;)} and By = B\ By.
Invoking the fact that s is Borel and Claim 5.20, we see that By is Borel. Notice
that efx = ly, it X € By and ebx = 1y, if X € By. Therefore, the map
B > X +— eEx is Borel. The claim is proved. O

We need the following elementary observation. Let Z be a standard Borel
space, let Y be a Polish space and let f,: Z — Y (n € N) be a sequence of
Borel maps. Then the map ®: Z — F(Y) defined by ®(z) = {f.(2) : n € N}
for every z € Z, is Borel. Now let Wg, be the closed subset of C'(2V) associated
to the space Ex and defined in (5.7).

Claim 5.22. The map B> X — Wg, € F(C(2V)) is Borel.
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Proof of Claim 5.22. In light of the previous observation, it is enough to show
that for every n, k € N and every rational g in [—1, 1] the map f,, x.,: B — C(2V)
defined by fp kq(X) = Py (an(EX)), is Borel. By Claims 5.14 and 5.20 and
taking into account the fact that the parameterized selection s is Borel, we see
that the map B 3 X — Wpg, is also Borel. The claim is proved. O

Let m € N with m > 1. For every X € B we set

ng =2"Wg, + 27ch(2N). (5.11)

Using Claim 5.22, it is easy to see that the map B > X — Wg' € F(C(2Y)) is
Borel. This fact has, in turn, the following consequence.

Claim 5.23. If || - ||m,x denotes the Minkowski gauge of the closed, convex and
symmetric set Wi, then the function B x C(2%) 3 (X, f) = || fllm,x is Borel.

Proof of Claim 5.23. Let r € R with > 0 and notice that
[ fllmx <7 e 3geQwith0 <qg<rand fe€qWg,.
The claim is proved. O
We define B C B x C(2Y)N by
(X, (yn)) € B (25%) is l-equivalent to (y,)

where (z2x) is the sequence (e£x) regarded as a basis of the space Z(Ex). In
order to finish the proof of Theorem 5.19, it is enough to show that the set B is
Borel. Indeed,
(X,Y)eZ & 3(yn) € C(2Y) with [(Vn y, €Y) and
(span{y, : n € N} =Y) and (X, (v»)) € BJ.
By property (P5) in Section 2.1.1 and invoking the Borelness of the set B, we see

that Z is analytic, as desired. So, it remains to show that B is Borel. Observe
that

(X,(yn)) €B & VkeNVap,...,ar€Q (VN>1wehave

k k
> I anelX | < 13 anval”)

1<m<N n=0 n=0

and (vp > 13N > 1 with

k 1 k
I3 anl =5 30 I e x):
n=0

1I<mN n=0

By Claims 5.21 and 5.23, we conclude that B is Borel. The proof of Theorem
5.19 is completed. O
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We close this section by mentioning two consequences of Theorem 5.19. They
will be of particular importance later on.

Corollary 5.24. [DF] Let A be an analytic subset of SD. Then there exists an
analytic subset A’ of SD with the following properties.

(i) EveryY € A’ has a shrinking Schauder basis.
(ii) For every X € A there exists Y € A’ containing an isomorphic copy of X.

Proof. By Theorem 2.11, the set SD is IT}. Hence, by Lusin’s separation theo-
rem, there exists a Borel set B C SD with A C B. We apply Theorem 5.19 for

the Borel set B and we obtain the analytic set Z as described in Theorem 5.19.
We define A’ C SB by

YcA <3IXeSB [(X € A)and (X,Y) € Z].
Clearly A’ is as desired. The proof is completed. O

By Theorem 2.5, the set REFL is ITi. Hence, by Lemma 5.18, we obtain the
following analogue of Corollary 5.24 for reflexive spaces. The proof is identical
to the proof of Corollary 5.24.

Corollary 5.25. [DF] Let A be an analytic subset of REFL. Then there exists
an analytic subset A’ of REFL with the following properties.

(i) EveryY € A’ has a Schauder basis.

(ii) For every X € A there exists Y € A’ containing an isomorphic copy of X.

5.5 Comments and Remarks

1. The slicing methods presented in Section 5.1 have been developed by Ghous-
soub, Maurey and Schachermayer [GMS]. They can be performed in more gen-
eral topological spaces. We refer the reader to [GMS, GGMS] and the references
therein for a detailed presentation, as well as, for further applications of these
techniques.

2. The notion of a “parameterized Borel fragmentation” given in Definition
5.7 is new. It is the analogue of the notion of a parameterized Borel derivative
presented in Appendix A. Theorem 5.8 is new as well.

3. As we have already mentioned, the proof of Zippin’s theorem given in Section
5.3 is due to Ghoussoub, Maurey and Schachermayer [GMS]. We notice that it
was known, prior to [Z], that a reflexive subspace of a space with a shrinking
basis embeds into a reflexive space with a basis (see [DFJP]).
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4. Theorem 5.19 is due to Bossard [Bos2]. His approach, however, is different
(he used Theorem 2.11 instead of Theorem 5.8 and worked with the Szlenk
indices of the corresponding spaces). Bossard used Theorem 5.19 to derive the
following.

Corollary 5.26. [Bos2] There exists a map ¢: wi — wy such that for every
¢ < wy if X is a Banach space with Sz(X) < &, then X embeds into a Banach
space Y with a shrinking basis, satisfying Sz(Y') < ¢(§).

We notice that, in this direction, there exist two sharp quantitative refinements
of Theorem 5.1. The first is due to Odell, Schlumprecht and Zsak and deals
with separable reflexive Banach spaces.

Theorem 5.27. [OSZ] Let £ be a countable ordinal and let X be a separable
reflezive Banach space such that max {Sz(X),Sz(X*)} < w®“. Then X em-
beds isomorphically into a reflexive Banach space Y with a Schauder basis also
satisfying max {Sz(Y'),Sz(Y*)} < w&v.

The second is due to Freeman, Odell, Schlumprecht and Zsék and deals with
Banach spaces with separable dual.

Theorem 5.28. [FOSZ] Let £ be a countable ordinal and let X be a separable
Banach space such that Sz(X) < w&¥. Then X embeds isomorphically into a
Banach space Y with a shrinking Schauder basis also satisfying Sz(Y) < w®®.

5. Corollaries 5.24 and 5.25 were noticed in [DF]. We should point out that they
can be also derived by Theorems 5.28 and 5.27 respectively, using the machinery
developed in Sections 2.3 and 2.5.



Chapter 6

The Bourgain—Pisier
construction

This chapter is devoted to the study of an embedding result due to Jean Bour-
gain and Gilles Pisier [BP]. The main goal in the Bourgain—Pisier construction
is to embed isometrically a given separable Banach space X into a separable
Loo-space Y (that is, into a Banach space with prescribed local structure) in
such a way that the quotient Y/X is “small”.

Theorem 6.1. [BP] Let X be a separable Banach space and X\ > 1. Then there
exists a separable Lo xt-space, denoted by L1[X], which contains X isometri-
cally and is such that the quotient LA[X]/X has the Radon—Nikodym and the
Schur properties.

We recall that a Banach space X has the Schur property if every weakly
null sequence in X is automatically norm convergent. It is an immediate conse-
quence of Rosenthal’s dichotomy [Ro2] that a space with the Schur property is
hereditarily ¢;. Generalities about the Radon—Nikodym property can be found
in Appendix B.5.

The building blocks of the space £,[X] in Theorem 6.1 are obtained us-
ing a method of extending operators due to Kisliakov [Ki]. This method has
found many other remarkable applications beside its use in Theorem 6.1. It is
presented in Section 6.1. The rest of the material in this chapter is devoted
to the proof of Theorem 6.1 as well as to a parameterized version of it. The
parameterized version is taken from [D3] and asserts that the space £,[X] is
constructed from X in a “Borel way”. This information gives further control on
the resulting space £[X] and it will be crucial for the results in Chapter 7.

87
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6.1 Kisliakov’s extension

This section is devoted to the study of a method of extending operators invented
by Kisliakov [Ki]. Let us start, first, with a brief motivating discussion.

Consider a Banach space X. Suppose that B is an arbitrary Banach space
and that Z is a subspace of B. Suppose, further, that we are given a bounded
linear operator u: Z — X. When can we extend the operator u to a bounded
linear operator 4 : B — X? Pictorially, we are asking when we can close off the
diagram:

B

IdT
Q

By definition, this extension problem has an affirmative answer if and only if
the space X is injective.

Suppose now that we are allowed to embed X isometrically into another
Banach space X’ via an isometric embedding j7: X — X’. By making an ap-
propriate choice of X’ and j, can we close off the following diagram?

B

IdT )
2N

Z—>X—>X

It is easy to see that if we put no restrictions on X', then such an extension is
always possible. Indeed, let X’ be the space ¢, (Bx~) and let j: X — X' be
the natural isometric embedding. Since £ (Bx~) is injective (see [LT]), we can
extend the operator jou. Observe, however, that this solution is uneconomical.
The space X' is too large.

The method discovered by Kisliakov lies somewhere between the above ex-
tremes. It has been heavily investigated and it has been used in many remarkable
ways. Let us give the main definition.

Definition 6.2. [Ki] Let B and X be Banach spaces and n < 1. Let Z be a
subspace of B and let u: Z — X be a bounded linear operator with ||u|| < n. Let
B @1 X be the vector space B X X equipped with the norm ||(b, )| = ||bl] + ||=]|
and consider the subspace N = {(z,—u(z)) : z € Z} of B® X. We define
X1 = (B®1 X)/N. Moreover, denoting by Q: B &1 X — X; the natural
quotient map, we define u: B — X7 and j: X — X1 by

u(b) = Q(b,0) and j(z)=Q(0,x)

for every b € B and every x € X. We call the family (X1,J,4) as the canonical
triple associated to (B, Z, X, u,n).
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The rest of this section is devoted to the study of the canonical triple intro-
duced above.

6.1.1 Basic properties

Proposition 6.3. [Ki] Let B,Z, X, u and n be as in Definition 6.2. Let
(X1, 7,a) be the canonical triple associated to (B, Z, X,u,n). Then the following
are satisfied.

(i) The operator j is an isometric embedding.

(if) We have ||a|| < 1 and @(z) = j(u(z)) for all z € Z.

(iii) The spaces B/Z and X1/j(X) are isometric.

Proof. (i) Fix ¢ € X. By definition, we have j(z) = Q(0,z). It follows that
]l = 1Q(0, z)| nf{[[(0,2) + (2, —u(2))|| : z € Z}

inf{|[z]| + [z —u(z)[| : 2 € Z}

> inf{]lz] + [lz]| - [u(z)Il : 2 € 2}

> f{[lz] + (1 =n)llz] : 2 € Z} = ||=]|.

Therefore j is an isometric embedding.
(ii) To see that ||@|| < 1 notice that for every b € B we have
@) = 1R, 0)[ < [[(b, 0)][ = [|b]]-
Let z € Z. Then ||i(2)—j(u(2))|| = [Q(2,0)=Q(0, u(2))|| = |Q(z, —u(2))|| =0,
and so 4(z) = j(u(z)), as claimed.

(iii) We define a map U: B/Z — X;/j(X) as follows. For every 8 € B/Z we
select b € B such that 8 = b+ Z and we set U(8) = a(b) + j(X). The fact that
a(z) = j(u(z)) for every z € Z, already established in part (ii), implies that
U () is independent of the choice of b. In other words, U is a well-defined linear
operator. It is easy to see that || U] < 1. We will show that U is an isometry.

We argue as follows. Fix o € X;/5(X). There exist b € B and z € X such
that o = Q(b,z) 4+ j(X). Hence

a=Q(,0)+Q0,z) + j(X) = u(b) + j(x) + j(X) = U(b+ 2).
Therefore, U is onto. Moreover,
I+ Zlsz > ol = nf{|Q(b,2) +Q(0,2)] : 2’ € X}
= nf{[|Q(b,2")] : 2" € X}
inf{||b+ z|| + ||z” —u(z)|| : 2" € X and 2z € Z}
inf{|lb+z||:2€ Z} = b+ Z|p/z-

WV

The proof is completed. O
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6.1.2 Preservation of isomorphic embeddings

Lemma 6.4. [BP] Let B,Z, X,u and n be as in Definition 6.2. Let § > 0
and assume that ||u(2)|| = 6||z|| for every z € Z. Consider the canonical triple
(X1,7,a) associated to (B, Z,X,u,n). Then ||u(b)|| = 6|b|| for every b € B.

Proof. The fact that ||u|| < 7 < 1 implies that 6 < 1. Fix b € B and notice that
[a@)[ = [1Q®,0)[ = inf{[[b + 2| + [lu(z)] : = € Z}
> inf{d||b+ z|| +6||2| : z € Z} = 4]|b]|.

The proof is completed. O

6.1.3 Minimality

Lemma 6.5. [BP] Let B, Z, X,u and n be as in Definition 6.2 and consider
the canonical triple (X1,7,4) associated to (B,Z, X, u,n). Let F be a Banach
space. Alsolet T: X — F and v: B — F be bounded linear operators such that
the following diagram commutes:

. F

B
IdT T

Then there exists a unique bounded linear operator ¢: X1 — F such that the
following diagram commutes:

B—" > F

I A
~J

Z———X
Moreover, ||| < max{||T]], v/}

Proof. We start with the following simple observation. Fix o € X;. Let b’ € B
and let z, 2’ € X such that « = Q(b,x) = Q(V',2’'). There exists z9 € Z such
that b’ = b+ 2o and 2’/ = x — u(z). The fact that v(z) = T'(u(z)) for all z € Z
implies that v(b') + T'(z') = v(b) + T(x).

We are ready to define the operator ¢: X7 — F. So, let a € X; and select
b € B and 2 € X such that & = Q(b,x). We set ¢(a) = v(b) + T(x). The
previous remark yields that ¢ is well-defined (that is, independent of the choice
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of band z) and ||¢]| < max{||T||,||v||}. Finally, the operator ¢ is unique. Indeed,
if ¢: X7 — F is another operator such that v =9 o4 and T =1 o j, then it is
easy to see that ¢» = ¢. The proof is completed. O

6.1.4 Uniqueness

Lemma 6.6. [BP] Let B, Z, X,u and n be as in Definition 6.2 and consider
the canonical triple (X1, j,u) associated to (B, Z, X, u,n).
Let X' be a Banach space, let j': X — X' be an isometric embedding and
let ': B — X’ be a linear operator with ||u'|| < 1. Assume that the following
u’ X7

diagram commutes:
B
IdT T i
Z X

Assume, moreover, that the triple (X', j',u’) satisfies the minimality property
described in Lemma 6.5. That is, whenever F' is a Banach space and T: X — F
and v: B — F are bounded linear operators such that v(z) = T (u(z)) for all
z € Z, then there exists a unique bounded linear operator ¢ : X' — F such that
v=¢'ou, T =¢ ojand |[¢| <max{||T], v}

Then there exists a linear isometry I: X1 — X' such that [ oj = j'.

—_—
u

Proof. The proof is essentially a consequence of the minimality of the canonical
triple (X7, j, @) established in Lemma 6.5 and of our assumption that the triple
(X’,7,4) is also minimal. Indeed, there exist two unique linear operators
¢: X1 — X' and ¢': X' — X satisfying the following properties.
(a) [lol <1 and [l¢'| <1.
(b) j'=¢ojand j=¢ oj.
(c) W/ =¢gotand & =¢ ou'.
We claim that ¢’ o ¢ and ¢ o ¢’ are the identity operators on X; and X’ re-
spectively. This fact and properties (a) and (b) above yield that the operator
¢: X1 — X' is the desired isometry.

As the argument is symmetric it is enough to show that ¢’ o ¢ is the identity
on X;. To this end we argue as follows. We set FF = X;. We define T: X — F
and v: B— F by T =¢ o¢ojand v =1au. Property (b) above implies that
T = j. Therefore, the following diagram commutes:

B—YsF

g
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By Lemma 6.5, there exists a unique operator S: X; — F such that T = S o j.
Denote by S’ the identity operator on X; and by S” the operator ¢’ o ¢. Since
T=¢ ogpoj =34, wesee that T = Soj =S5 05 = 8"0j. Invoking the
uniqueness of S, we conclude that S’ = S”. In other words, the operator ¢’ o ¢
is the identity operator on X;. The proof is completed. O

6.2 Admissible embeddings

In this section we will continue our study of the canonical triple (X1,7,@). In
particular we will focus on the properties of the isometric embedding j. Since the
kind of questions addressed in this section do not depend on the whole structure
of the canonical triple, one is naturally led to take an abstract approach to the
study of the embedding j. This is the content of the following definition due to
Bourgain and Pisier.

Definition 6.7. [BP] Let X and X' be two Banach spaces and n < 1. Let
J: X — X' be an isometric embedding. We say that the isometric embedding
J is n-admissible if there exist a Banach space B, a subspace Z of B and an
operator w: Z — X with ||u|| < n such that the following is satisfied. If (X1, 7, 1)
is the canonical triple associated to (B, Z, X, u,n), then there exists an isometry
T: X1 — X' making the following diagram commutative:

B x, —T.x

I

ZT>XT>X

We call the quadruple (B, Z,u,T) as the witness of the n-admissibility of the
embedding J: X — X'.

We will present a characterization of n-admissible embeddings which will
be very useful in the arguments below. To state it we need to introduce the
following terminology. Let X and Y be Banach spaces and let 7: X — Y
be a surjective operator. We say that « is a metric surjection if the induced
isomorphism between X/Ker(m) and Y is an isometry. Notice that a linear
surjection m: X — Y is a metric surjection if and only if ||7] < 1 and for
every y € Y and every € > 0 there exists z € X with 7(x) = y and such that
]l —& < lyll < [l

Lemma 6.8. [BP] Let X and X' be Banach spaces and let J: X — X' be an
isometric embedding. Also let n < 1. Then the following are equivalent.

(i) The embedding J is n-admissible.
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(ii) There exist a Banach space E and a metric surjection m: E &1 X — X'
such that for every e € E and every x € X we have

(e, @) || = ]| = nllell
and 7(0,2) = J(x).

Proof. Assume, first, that J is n-admissible. Let (B, Z,u,T) be the quadruple
witnessing the n-admissibility of J and consider the canonical triple (X7, j, @)
associated to (B, Z, X,u,n). By Definition 6.7, we may actually assume that
X' = Xy and J = j. As in Definition 6.2, let N = {(z,—u(z)) : z € Z} and
recall that X7 = (B®1 X)/N. Alsolet Q: B®1 X — X; be the natural quotient
map. We set £ = B and m = @), and we claim that these choices satisfy all
properties required in part (ii). Indeed, it is clear that 7 is a metric surjection
and 7(0,x) = j(z) for all z € X. Moreover, for every b € B and every z € X

we have
1QM, )| = inf{[|(b,x) + (2, —u(2))| : z € Z}
= inf{nllz +b[ + [z —u(2)| : z € Z}
= inf{nllz]| =l + llzll —nllzll : = € Z}
z ]l = nllbll
as desired.

Conversely, let E be the Banach space and let 7: £ ¢&; X — X’ be the
metric surjection described in part (ii). Notice that if (e,z) € Ker(w), then
0 = [[7(e,2)]| > ll2l]  nlle]l. Therefore,

]l < nllell (6.1)
for all (e, x) € Ker(m). Let Z be the projection of Ker(n) into E. Formally,
Z ={e€ F:3x e X with 7(e,x) = 0}.

Fix z € Z and let z,y € X such that 7(z,2) = 7n(z,y) = 0. Then 7(0,z—y) =0
which yields, by our assumptions, that J(x —y) = 0. Since J is an isometry,
we conclude that x = y. What we have just proved is that there exists a map
w: Z — X such that (z,w(z)) € Ker(n) for every z € Z. Clearly w is linear.
Invoking (6.1), we obtain that ||w| < n. Set v = —w and let (Xy,4,a) be
the canonical triple associated to (E,Z, X,u,n). We define T: X; — X’ as
follows. Let @ € X; and select e € E and x € X such that a = Q(e, z). We set
T(«) = mw(e,x). It is easy to check that T is a well-defined isometry and that
the following diagram commutes:

E*{L>X1L>X'

I

ZT>X7>X
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Hence, the embedding J: X — X’ is n-admissible. The proof is completed. O

We are ready to begin the analysis of n-admissible embeddings.

6.2.1 Stability under compositions

Lemma 6.9. [BP] Let X, X', X" be Banach spaces andn < 1. Let J: X — X'
and J': X' — X" be isometric embeddings and assume that both J and J' are
n-admassible. Then so is J o J.

Proof. We will use the characterization of n-admissibility established in Lemma
6.8. Specifically, by Lemma 6.8, there exist two Banach spaces F and E’ and a
pair m: E®1 X — X' and 7': B/ &1 X' — X" of metric surjections satisfying
the properties described in part (ii) of Lemma 6.8 for the isometric embeddings
J and J' respectively. We set B = E @1 E’ and we define 7”’: B & X — X"
by the rule

7 ((e,€'),x) = (¢, m(e, x))

for every (e,e’) € E" and every x € X. We claim that the Banach E” and the
operator " witness that the isometric embedding J’ o J is n-admissible. To see
this notice first that 7’/ is a metric surjection and 7”(0,z) = J'(J(z)). What
remains is to show that for every (e, e’) € E” and every z € X we have

17" ((e. '), 2) | = llzll = nll(e. el = llzll = nllell + lle’)-

Indeed, invoking the corresponding properties of 7’ an 7 respectively, we see
that

I= (e, "), )|

I’ (¢, m(e, 2)) | = llm(e, )| = nlle’]
Il = nllel = nlle’ll = llzll = nllell + lle'l)-

WV

The proof is completed. O

6.2.2 Stability under quotients

Lemma 6.10. [BP] Let X, X' be two Banach spaces, let Y be a subspace of X
and let n < 1. Let J: X — X' be an isometric embedding and assume that J
is n-admissible. Then the induced isometric embedding J: X)Y — X'/ J(Y) is
n-admissible.

Proof. Let (B, Z,u,T) be the quadruple witnessing that the isometric embed-
ding J is n-admissible. Let (Xi,j,%) be the canonical triple associated to
(B,Z,X,u,n). Clearly we may assume that X’ = X; and J = j. Thus, what
we have to show is that the induced isometric embedding j : X/Y — X;/5(Y)
is m-admissible.



6.2. ADMISSIBLE EMBEDDINGS 95

Let g: X — X/Y be the natural quotient map and define w: Z — X/Y by
w = gou. Notice that ||w|| < 1. Let (X2, j2,w) be the canonical triple associated
to (B, Z, X/Y,w,n). The proof will be completed once we show that there exists
an isometry S: Xo — X;/4(Y) making the following diagram commutative:

B—2 s X, — % X, /j(Y)

I

Z— XY ——= XY

We define the desired isometry S as follows. Let Q2: B @1 (X/Y) — X» and
@Q1: B®1 X — X; be the natural quotient maps. Let o € X5 be arbitrary. We
select b € B and v € X/Y such that a = Q2(b,y). There exists © € X such
that y =2 +Y. We set S(a) = Q1(b,z) +j(Y). It is easy to check that S is an
isometry making the above diagram commutative. The proof is completed. [

6.2.3 Metric properties

The isomorphic properties of the resulting space in the Bourgain—Pisier con-
struction are consequences of the metric properties of Kisliakov’s embedding,
and in particular, of the metric properties of n-admissible embeddings. We
isolate, below, the crucial inequality satisfied by all n-admissible embeddings.

Lemma 6.11. Let X, X’ be Banach spaces, let J: X — X' be an isometric
embedding and let n < 1. Assume that J is n-admissible. Let ¢: X' — X'/ J(X)
be the natural quotient map. Consider a finite sequence oy, ...,ar in X' and
assume that oo + - -+ oy, € J(X). Then

ol ++ -+ llowll = oo + -+l + (1 =) - [llg(eo) | + -+ la(au)[]- (6:2)

Inequality (6.2) appears in the work of Bourgain and Pisier in a probabilistic
form. Actually, this probabilistic form is easily seen to be equivalent to inequal-
ity (6.2). The reader will find more details in Appendix B.5. We proceed to the
proof of Lemma 6.11.

Proof of Lemma 6.11. As in the proof of Lemma 6.10, we may assume that J
is the isometric embedding of a canonical triple. Precisely, let (B, Z,u,T) be
the quadruple witnessing that the isometric embedding J is n-admissible. Let
(X1,J,@) be the canonical triple associated to (B, Z, X, u,n). In what follows
we will assume X’ = X; and J = j. Therefore, X' = X; = (B ®; X)/N where
N ={(z,—u(z)) : z € Z}. Let Q: B®1 X — X; be the natural quotient map
and recall that j(z) = Q(0,x) for all z € X.

Let € > 0 be arbitrary. We select a finite sequence zg,...,x; in X and a
finite sequence by, ..., b; in B such that for every n € {0,...,k} the following
are satisfied.
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(a) Qpn = Q(bmfn)'
(b) lznll + o]l —e/(k + 1) < [low]|-

By our assumptions, we have ag+ -+ o € j(X). Hence, there exists a vector
x € X such that ap + -+ + o, = j(x) = Q(0, ). It follows that

Qo+ - +b,xo+ - -+z—x)=0
and so, there exists a vector z € Z such that
(c) bo+---+0br =z and
(d) 2o+ +ap —x=—u(z).
The above equalities and the fact that j is an isometric embedding imply that
[zoll + -+ llarll = llzo+ -+ 2kl = [z —u(z)|| = [Jzf] - [Ju(z)]
7@ = llu(2)]| = oo + -+ + awll = [Ju(z)]

> |lag + -+ agll =l
= oo+ +arll = nllbo + - + bl
> laog+ - +arll = n[llboll + - + llbel]- (6.3)

Adding in both sides of inequality (6.3) the quantity ||bg||+- - - +|b%|| and taking
into account property (b) above, we obtain that

e+ llaoll + -+ lowll > llao + -+ + agll + (1 =n) - [l[boll + -+ [[bx]l]. (6.4)

Now notice that for every n € {0,...,k} we have
(e) llg(an)ll < [lbnll
Indeed, fix n € {0,...,k} and observe that

la(an)ll = mf{|Q(bn, 2n) + (") : 2" € X}

= inf{[|Q(bn, zn) + Q0,2")| : 2" € X} < [|Q (b, 0)|| < [[ban]l-

Plugging in (6.4) the estimate in (e), we see that
e+ flaol + -+ llawll = llag + - + el + (1 =n) - [llalao) | + -+ + llg(er)]].
Since € > 0 was arbitrary, inequality (6.2) follows. The proof is completed. [

We close this section by recording the following special case of Lemma 6.11.

Corollary 6.12. Let X, X' be Banach spaces, let J: X — X' be an isometric
embedding and let n < 1. Assume that J is n-admissible. Let q: X' — X'/ J(X)

be the natural quotient map. Consider two vectors « and B in X' and assume
that o + B € J(X). Then

lldl + 1181 = e+ Bl + (1 =) - [l + la(B)II]- (6.5)
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6.3 Inductive limits of finite-dimensional spaces

A system of isometric embeddings is a sequence (X, j,) where (X,,) is a se-
quence of Banach spaces and j,: X,, = X,,41 is an isometric embedding for
every n € N. The inductive limit of a system (X, j,) of isometric embeddings
is a Banach space X defined as follows. First we consider the vector subspace of
I1,, X5 consisting of all sequences () such that j,(z,) = z,41 for all n large
enough. We equip this subspace with the semi-norm |[(x,)| = lim ||a,||. Let
X be the vector space obtained after passing to the quotient by the kernel of
that semi-norm. The inductive limit X of the system (X, j,) is then defined
to be the completion of X'. Notice that there exists a sequence (J,) of isometric
embeddings J,: X,, — X such that J,y; 0 j, = J, for every n € N and if
E, = J,(X,), then the union J, B, is dense in X. Hence, in practice, we
may do as if the sequence (X,) was an increasing (with respect to inclusion)
sequence of subspaces of a bigger space and we may identify the space X with
the closure of the vector space J,, X.

The main result in this section is the following theorem due to Bourgain and
Pisier.

Theorem 6.13. [BP] Let 0 < n < 1. Let (Fy,jn) be a system of isometric
embeddings where the sequence (F,,) consists of finite-dimensional Banach spaces
and for every n € N the isometric embedding j,: F, — Fpy1 s n-admissible.
Then the inductive limit of the system (Fy,, jn) has the Radon—Nikodym and the
Schur properties.

Theorem 6.13 is the basic tool for verifying the crucial properties of the
Bourgain—Pisier construction. Actually in these notes we will not use the full
power of Theorem 6.13 but only the fact that the inductive limit is a Schur
space. Therefore, in this section we will present only the proof of this property.
A proof that the inductive limit has the Radon—Nikodym property can be found
in Appendix B.5.

We will need the following “unconditional” version of Mazur’s theorem.

Lemma 6.14. Let (zx) be a weakly null sequence in a Banach space X. Then
f07j every € > 0 there exist mg < my < --- <m; in N and ag,...,a; € RT with
> _oai =1 and such that

J
max { H E €iQiZm;
i=0

Proof. Clearly we may assume that X = span{zy : k € N}. By Theorem 1.8, we

€0y .y € {—1,1}} <e. (6.6)

may also assume that X is a subspace of C'(2V), and so, each zj, is a continuous
function on 2. By Lebesgue’s dominated convergence theorem, a sequence (z)
in C(2V) is weakly null if and only if (z;) is bounded and pointwise convergent
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to 0. Hence, setting yx = |zk| for every k € N, we see that the sequence (yi) is
also weakly null. We apply Mazur’s theorem to the sequence (y;) and the given
e > 0 and we find mg < --- < m; in N and ag, ...,a; € RT with Ez:oai =1
and such that || ZZ:O a;Ym, || < €. Finally notice that

J J
maX{H Zﬂ'aizmi o (€0 € E {71,1}} < || Zaiymi o <E
i=0 1=0
The proof is completed. O

We proceed to the proof of Theorem 6.13.

Proof of Theorem 6.13: the Schur property. Fix 0 < n < 1. Let (F,,Jj,) be a
system of isometric embeddings such that each F), is finite-dimensional and for
every n € N the isometric embedding j,,: F,, = F,+1 is n-admissible. Let X be
the inductive limit of the system (F,, j,). We view the sequence (F},) as being an
increasing (with respect to inclusion) sequence of finite-dimensional subspaces
of X such that (J, Fy is dense in X. For every n € N by ¢,: X — X/F,
we shall denote the natural quotient map, while for every pair n,m € N with
n < m by I(n,m): F, — F,, we shall denote the inclusion operator. By our
assumptions, the isometric embedding I(n,n + 1): F,, — F,1 is n-admissible
for every n € N. Hence, by Lemma 6.9, we see that the isometric embedding
I(n,m) is also n-admissible for every pair n,m € N with n < m. This yields
the following claim.

Claim 6.15. Let 0 < 0 < 1 and let (wy) be a normalized sequence in X. Also
let {ng < ny < ---} be an infinite subset of N. Assume that the following hold.

(i) wy € F,,, for every k € N.
(i1) |lgn, (wg)|| = 0 for every k, k' € N with k' > k.

Then for every mo < --- < m; in N and every aop,...,a; in R there exist
€o,.-.,€ € {—1,1} such that

J
H E €iA; Wi,
=0

Proof of Claim 6.15. Fix mg < --- <mj; in N and ag, ..., a; in R. Recursively,

>(L=m)-0-) lal. (6.7)
=0

we will select the signs €, ..., €; in such a way that for every I < j we have

l
H g €iA; W,
i=0

l

(2 (=n)-0-> lal. (6.8)

=0
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We set ¢ = 1. Assume that for some [ < j we have selected e, ..., € {—1,1}
so that (6.8) is satisfied. We set

l
z= E €i0iW,;, T = Q41Wm,,,, =2+ and B=2z—=z.
i=0

Notice that

a,BeF, and a+ =2z € F,

mig Tomy

The inclusion operator I (1, , 7m,,,) is n-admissible. Therefore, by inequality
(6.5) in Corollary 6.12, property (ii) in the statement of the claim and our
inductive hypothesis, we obtain that

I+1

ladl + 11811 =2 (L =m) -6 asl.
=0

Hence, there is €41 € {—1,1} so that || Zi;l) €a;Wnm,|| = (1—n)-0- Ziié a;].
The recursive selection is completed. The claim is proved. O

After this preliminary discussion we are ready to prove that the inductive
limit X has the Schur property. We will argue by contradiction. So assume
that there exists a normalized weakly null sequence (zj) in X. By an obvious
approximation argument, we may assume that

{zp: ke N} C UF" (6.9)

Claim 6.16. For every n € N we have limsup ||¢, (x)| = 1/3.

Proof of Claim 6.16. Suppose not. Then, by passing to a subsequence of (zy) if
necessary, we may find a sequence (yx) in F), such that ||z, +yx| < 1/3 for every
k € N. The sequence (y) is bounded and the space F), is finite-dimensional.
Therefore, by passing to further subsequences, we may assume that there exists
a vector y € F, such that yr — y. The sequence (zj + yi) is weakly convergent
to the vector y, and so,

lyll < limsup [lzy + el <1/3. (6.10)
On the other hand for every k € N we have
1yl = ll(zr + yx) = zell = el = llze + yull = 1 = llzx + vil = 2/3.
Hence ||ly|| = 2/3 in contradiction with (6.10) above. The claim is proved. [

By inclusion (6.9) and Claim 6.16, we may select a subsequence (z) of (z)
and an infinite subset {ng < ny < ---} of N such that the following are satisfied.
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(a) The sequence (zj) is normalized and weakly null.
(b) 2 € F,, for every k € N.
(©) llgn, (zx)|| = 1/4 for every k, k' € N with k' > k.

We have reached the contradiction. Indeed, by (a) above, we may apply Lemma
6.14 to the sequence (2;) and € = (1 —n)/8. Hence, there exist mo < -+ < my
in N and ag,...,a; € Rt with }>7_;a; = 1 and such that

J
max{“ E €iQiZm;
=0

This is clearly impossible by Claim 6.15. The proof of Theorem 6.13 is com-
pleted. O

1—
:eo,...,eje{fl,l}}<Tn.

6.4 The construction

This section is devoted to the proof of Theorem 6.1. So, let A > 1 and let X
be a separable Banach space. In the argument below we shall use the following
simple fact.

Fact 6.17. Let H be a finite-dimensional Banach space and let € > 0. Then
there exist m € N, a subspace Z of €2 and an isomorphism T : Z — H satisfying
12l S IT(2)Il < (1 +e)llz]| for every z € Z.

Weﬁx0<77<lsuchthat%<77<1. We also fix € > 0 with 1 +¢ < An.
Let (F,) be an increasing sequence of finite-dimensional subspaces of X such
that | J,, Fy, is dense in X (the sequence (F},) is not necessarily strictly increasing
since we are not assuming that the space X is infinite-dimensional). Recursively,
we shall construct

(C1) a system (E,, j,) of isometric embeddings, and

(C2) a sequence (G,,) of finite-dimensional spaces

such that for every n € N the following are satisfied.

(P1) G, C E, and Gy = {0}.

(P2) The embedding j,: E, — F,11 is n-admissible and Ey = X.
(P3) (jn-10---0Jo0)(Frn-1)Ujn-1(Gr-1) € Gy, for every n > 1.

(P4) d(Gp, ) < X\ where dim(G,,) = m,, = n.
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As the first step is identical to the general one, we may assume that for some
k € N with £ > 1 the spaces Gy,...,Gr and Ey,...,E; as well as the n-
admissible isometric embeddings jg,...,jx—1 have been constructed. Let Hj
be the subspace of Ej spanned by (jx—1 00 jo)(Fr) UGk. (If k = 0, then
we set Hy = Fy.) Let my be the least integer with my > k + 1 and for which
there exist a subspace Zj, of ¢Z2¢ and an isomorphism T": Z, — Hj, satisfying
Izl < 1T ()| € (1+¢€)|z| for every z € Zj. By Fact 6.17, we see that my is
well-defined. Define u: Z, — Ej by

u(z) = %T(z) (6.11)

and notice that u(Zy) = Hg, |ju|| < n and |[u=!|g, | < A. Let (Y,4,4@) be the
canonical triple associated to (¢2%%, Zy,u, Ex,n). We set Ext1 =Y, jey1 = 3
and Gy41 = w(¢2+). By Proposition 6.3 and Lemma 6.4, the spaces Gj1 and
Ej11, and the embedding jiy1 satisfy (P1)—(P4) above. The construction is
completed.

Now let Z be the inductive limit of the system (E,, j,). As we have remarked
in Section 6.3, the sequence (E,) can be identified with an increasing sequence
of subspaces of Z. Under this point of view, we let £[X] be the closure of
U,, Gn. By property (P3), we see that the space £;[X] contains an isometric
copy of X while, by property (P4) and Fact B.11, it follows that the space £,[X]
is Looa+. What remains is to analyze the quotient £5[X]/X.

To this end notice first that £5[X]/X naturally embeds into Z/X. For
every n € Nlet J,: E,/X — E,+1/X be the isometric embedding induced
by jn: E, — Ep+1. Observe that the space Z/X is isometric to the inductive
limit of the system (E, /X, J,). By Lemma 6.10 and property (P2) above, we
see that the isometric embedding J,, is n-admissible for every n € N. Finally,
notice that each E, /X is finite-dimensional. Indeed, by Proposition 6.3, for
every n € N the space E,1/E, is isometric to £ /Z,. Using this our claim
follows by a straightforward induction. Therefore, Theorem 6.13 can be applied
to the system (F,/X,J,) yielding, in particular, that the space Z/X has the
Radon—Nikodym and the Schur properties. As these properties are inherited to
subspaces and £,[X]/X is isometric to a subspace of Z/X, we conclude that
the quotient £,[X]/X has the Radon—Nikodym and the Schur properties. The
proof of Theorem 6.1 is completed.

6.5 Parameterizing the construction

This section is devoted to the proof of the following parameterized version of
Theorem 6.1.
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Theorem 6.18. [D3] For every A > 1 the set L) C SB x SB defined by
(X,Y) e Ly &Y isisometric to L[ X]
s analytic.

Proof. Let A > 1 be given and fix n > 0 and € > 0 such that % <n < 1and
14 ¢ < An. Below we will adopt the following notational conventions. By {2 we
shall denote the Borel subset of SB x SB x C(2Y)N x C(2M)N defined by

(XY, (zn), (yn)) €Q & VneN (z, € X and y, € Y) and
(2,) is dense in X, (y,) is dense in Y,

Y C X and Vn € N dm € N with y,, = z,,.

That is, an element (X, Y, (zn), (yn)) € Q) codes a separable Banach space X,
a dense sequence (z,) in X, a subspace Y of X and a subsequence (y,,) of (z,)
which is dense in Y. Given w = (X, Y, (zy), (yn)) € Q we set po(w) = X and
p1(w) =Y. We will reserve the letter ¢ to denote elements of Q<N. The letter
a shall be used to denote elements of QY. For every nonempty ¢ € Q<N and
every i < [t| we set X! = po(t(i)) and Y} = p;(¢(i)). Respectively, for every
a € OV and every i € N we set X = po(a(i)) and Y;* = py (a(4)). If X,Y and
Z are nonempty sets and f: X xY — Z is a map, then for every x € X by f*
we shall denote the function f*:Y — Z defined by f*(y) = f(z,y) for every
y € Y. Finally, by d,,: SB — C(2Y) (m € N) we denote the sequence of Borel
maps described in property (P2) in Section 2.1.1.

The proof of Theorem 6.18 is based on the fact that we can appropriately en-
code the Bourgain—Pisier construction so that it can be performed “uniformly”
in X. To this end we introduce the following terminology.

A. Let k € Nwith k > 2. A code of length k is a pair (C, ¢) where C is a Borel
subset of QF and ¢: C x C(2V) — C(2V) is a Borel map such that for every
t € C the following are satisfied.

(C1) For every i < k the space Y} is finite-dimensional and Y = {0}.

(C2) The map ¢': X! , — C(2V) is a linear isometric embedding satisfying
'(Xi_p) € X}y and ¢'(Y{_,) C Y.
The code of length 1 is the pair (C1, ¢1) where C; C Q and ¢;: C; x C(2) —
C(2V) are defined by
t=(X.Y, (%), (yn)) € C1 &Y = {0}

and ¢1(t,x) = z for every t € C; and every xz € C(2N). Clearly C; is Borel
and ¢ is a Borel map. Notice that for every X € SB there exists t € C; with
X = Xt



6.5. PARAMETERIZING THE CONSTRUCTION 103

B. Let {(Ck,dx) : k = 1} be a sequence such that for every k > 1 the pair
(Ck, ¢r) is a code of length k. We say that the sequence {(Cy, ¢r) : k> 1} is a
tree-code if for every k,m € N with 1 < k < m we have Cy = {t|k it e Cm}.
The body C of a tree-code {(Ck, ¢x) : k = 1} is defined by

C={acQ:alkeCyVk>1}.

Clearly C is a Borel subset of Q.

Let {(Ck,¢r) : k > 1} be a tree-code and let C be its body. For ev-
ery k > 1 the map ¢, induces a map ®;: C x C(2V) — C(2") defined by
Pi(a,r) = ¢r(alk,x) for every a € C and every x € C(2V). We need to
introduce two more maps. First, for every n,m € N with n < m we define
D, C x C(2N) — C(2V) recursively by the rule @, ,11(a, 2) = ®pp2(a, 7)
and @y mi1(0, ) = Ppyyo (a,@n,m(a,x)). Also we set J, = ®,, 4o for every
n € N. We isolate, for future use, the following fact concerning these maps.
Its proof is a straightforward consequence of the relevant definitions and of
condition (C2) above.

Fact 6.19. Let {(Ck, ¢x) : k = 1} be a tree-code and let C be its body. Then the
following are satisfied.

(i) For every n,k,m € N with k > 1 and n < m the maps @ and @, .,
are Borel. Moreover, for every a € C we have @5 | (X) C X7 and
o5 (V) C Y

(ii) Let o € C. Then for every n € N the map Jy|xa is a linear isometric
embedding satisfying Jy (Xy) € X5 and J3(Y®) C Y.

C. Let {(Ck,¢x) : k > 1} be a tree-code and let C be its body. Also let « € C.
Consider the sequence (X§, Yy, X¢, Y%, ...) and notice that Y,* is a finite-
dimensional subspace of X for every n € N. In the coding we are developing
the sequences (X2) and (Y,¢) will correspond to the sequences (E,,) and (Gy,)
obtained by the Bourgain—Pisier construction performed to the space X = X
This is made precise using the auxiliary concept of A-coherence which we are
about to introduce.

Let o € C be arbitrary. For every n € Nlet F,,(X§) = span{d;(X§) : i < n}.
Clearly (Fn(Xg)) is an increasing sequence of finite-dimensional subspaces of
X§ with (U, Fr(X§) dense in X§. Let (ES,jS) be the system of isometric
embeddings and let (G&) be the sequence of finite-dimensional spaces obtained
by performing the construction described in Section 6.4 to the space X§, the
sequence (Fn(Xg‘)) and the numerical parameters A\, n and €. We say that the
tree-code {(Ck, o) : k > 1} is A-coherent if for every a € C there exists a
sequence T2 : X2 — E2 (n > 1) of isometries such that G = T*(Y,*) for every
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n > 1 and making the following diagram commutative:

i§ T i3 i3
[e3 [ jo3 [o3%
E§ By ES E3
[0 [0 [e3 83
XO o Xl o X2 o X3 a
Jolxg I xg I3 xg I3 lxg

The basic property guaranteed by the above requirements is isolated in the
following fact (the proof is straightforward).

Fact 6.20. Let {(Ck,ér) : k = 1} be a A-coherent tree-code and let C be its
body. Also let a € C. Then the inductive limit of the system of embeddings
(Y, IS |ya) is isometric to the space Li[X{].

We are ready to state the main technical step in the proof of Theorem 6.18.
Lemma 6.21. [D3] There exists a A-coherent tree-code {(Ck, dr) : k > 1}.

Granting Lemma 6.21 the proof of Theorem 6.18 is completed as follows.
Let {(Ck, ¢x) : k > 1} be the A-coherent tree-code obtained above. Denote by
C its body. By Fact 6.20, we have

(X,Y)e Ly < FaecQ witha e, X =X and such that Y is isometric

to the inductive limit of the system (Y;*, J;[y«).

Let a € C. There is a canonical dense sequence in the inductive limit Z¢ of the
system (Y&, J3|ye). Indeed, by the discussion in Section 6.3, the sequence of
spaces (Y,*) can be identified with an increasing sequence of subspaces of Z.
Under this point of view, the sequence (d,,(Y,*) : n,m € N) is a dense sequence
in Z% Let {(n;,m;) : i € N} be an enumeration of the set N x N such that

max{n;,m;} <1 for every i € N. It follows that

(X,Y)e Ly & 3Iy) e C2 Jaec OV witha e, X = X§ and
Y =span{y; : i € N} and Vi € N Vby,...,b € Q

l l
1> bl = 1D 0i®n, 151 (0 dm, (V) ||
i=0 =0

Invoking part (i) of Fact 6.19, we see that the above formula gives an analytic
definition of the set L, as desired.

It remains to prove Lemma 6.21. To this end we need the following easy
fact.

Fact 6.22. Let S be a standard Borel space, let X be a Polish space and let
fn: S — X (n €N) be a sequence of Borel maps. Then the map F: S — F(X),
defined by F(s) = {fn(s) : n € N} for every s € S, is Borel.
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We are ready to proceed to the proof of Lemma 6.21.

Proof of Lemma 6.21. The A-coherent tree-code {(Cy, ¢r) : k > 1} will be con-
structed by recursion. For k =1 let (Cq, ¢1) be the code of length 1 defined in
the beginning of the proof of Theorem 6.18. Assume that for some k£ > 1 and
every | < k we have constructed the code (Cj, ¢;) of length . We will construct
the code (Cky1, dr41) of length k + 1.

First, we define recursively a family of Borel functions f;: Cy x C(2Y) —
C(2Y) (1 <1< k) by the rule fi(t,x) = x and fi41(t, ) = g1 (H1+ 1, fi(t, 2)).
Notice that fi(X{) C Xi_, for every t € Cj. Also let Fy_1: SB — SB and
Hj.: C;, — SB be defined by Fj,_1(X) =span{d;(X) : 4 < k— 1} and

Hy,(t) =span{Y;_; U f (Fr—1(X()) }

respectively. Observe that for every X € SB and every t € C} the spaces
Fi—1(X) and Hy(t) are both finite-dimensional subspaces of X and X} ;| re-
spectively.

Claim 6.23. The maps F,_1 and Hy are Borel.

Proof of Claim 6.23. For every s € QF consider the map f,: SB — C(2V) de-
fined by fs(X) = Zi:ol s(i)d;(X). Clearly fs is Borel. Notice that Fy_1(X)
is equal to the closure of the set {f(X) : s € Q¥}. Invoking Fact 6.22, the
Borelness of the map Fj_q follows. The proof that Hj is also Borel proceeds
similarly. The claim is proved. O

We fix a dense sequence (o;) in 2V. For every d € N with d > k we define
an operator vy: C(2Y) — ¢4 by

va(f) = (f(o0),- .., f(0a-1)).

Notice that |[vg(f)|| < ||f||. Moreover, observe that the map C(2V) 3 f
llva(f)|l is continuous. For every d > k let By be the subset of C}. defined by

te By & Vfe Hg(t) wehave ||f|| < (1 + &) |lva(f)l
< Vn € N we have ||d,,(Hp(t))] < (1 —&—E)HUd(dn(H;g(t)))H.

By the above formula, we see that By is Borel. Also observe that Cy, = | ask Ba-
We define recursively a partition {P; : d > k} of Cy by the rule P, = By, and
Pyi1 = Bgy1 \ (Px U---UPy). Notice that P; is a Borel subset of Bj.

Let d > k be arbitrary. Let E be the Banach space C(2V) @, £4,. Consider
the map N: P; — Subs(F) defined by

N(t) = {(=f, \va(f)) : f € Hy(t)}.
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Arguing as in Claim 6.23, it is easy to see that N is Borel. Let d,;,: Subs(E) — E
(m € N) be the sequence of Borel maps obtained by property (P2) in Section
2.1.1 applied for X = E. We recall that by d,,: C(2Y) — C(2Y) (m € N)
we denote the corresponding sequence obtained for X = C(2Y). We may, and
we will, assume that do(X) = 0 and do(E’) = 0 for every X € SB and every
E' € Subs(E). We fix a countable dense subset (r,,) of ¢4, such that ro = 0.
Let @Q: Py x E — R be the map

Q(t, ) = inf {Jle + d (N@)]| : m € N}.

Clearly @ is Borel. We fix a bijection (-,-): N x N — N. For every n € N by m?
and mJ} we shall denote the unique integers satisfying n = (m%, ml). We define
Cy C Q1 by

t'eCy & t|kePrandift'(k) = (X,Y,(zn),(yn)) and t = t'|k,
then Vi € N Vb, ...,b; € Q we have

|32 bt = Q13 b (g (K1), 7y) ) md
n=0 n=0

Vn € N we have y, =z pn)-

Clearly the above formula defines a Borel subset of Q¥*1. Also observe that
CaNCy :wifd#d/.

Let us comment on some properties of the set Cy. Fixt’ € Cy and set ¢t = t'|k.
By definition, we have t € Py C By. It follows that the operator vg: Hy(t) — ¢4
is an isomorphic embedding satisfying |lva(z)| < ||z]] < (14¢€)||lva(x)| for every
x € Hy(t). We set Zy = vq(Hg(t)) and we define u: Z, — X}_, by

u(z) = 5 (valm ) (2
Notice that ||u|| < . As in Definition 6.2, let (X7, j, %) be the canonical triple
associated to (¢4, Z;,u, X} |,nm). There is a natural way to select a dense
sequence in X;. Indeed, let Q;: ¢4 @, X}, — X be the natural quotient map.
Setting a,, = Qt((rm}l,dm% (X,tc_l))) for every n € N, we see that the sequence
() is dense in Xi1. Let (k) = (X}, Y, (n), (yn)). By the definition of the
set Cy, it follows that the map

X4 BaonnEX;;/
can be extended to a linear isometry T3 : X7 — X,’:. In other words, we have
the following commutative diagram:

i1 T ’ ’
d u t t
o X, Xt

gl

t
Zy —= X}
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It is clear from what we have said that the map
X]tc_l =] dn(X;;_l) = ZTn,0) € X}i/

can be also extended to a linear isometric embedding J* : X! | — X! satisfying
Jt/(ka_l) C Y,fl. Moreover, it easy to see that this extension can be done
“uniformly” in t’. Precisely, there exists a Borel map ¢q: Cq x C(2) — C(2V)
such that ¢q(t',2) = J' () for every t' € Cy and every z € X;l_‘kl =X .

We are finally in the position to construct the code (Cyy1, dr+1) of length

k + 1. First we set
Ck+1 = U Ca-
d>k
As we have already remarked the sets (Cy)g> are pairwise disjoint. We define
Grr1: Cryr x C(2Y) — C(2N) as follows. Let (¥,x) € Cry1 x C(2Y) and let d
be the unique integer with ¢’ € Cy. We set ¢p11(t',2) = ¢q(t',z). Clearly the
pair (Cg41, ¢r+1) is a code of length &k + 1.

This completes the recursive construction of the family {(Ck,¢r) : k > 1}.
The fact that the family {(Ck, ¢r) : k > 1} is a tree-code follows immediately
by the definition of the set Cy; above. Moreover, as one can easily realize, the
tree-code {(Cl, ¢) : k = 1} is in addition A-coherent. The proof of Lemma 6.21
is completed. O

As we have already indicated above, having completed the proof of Lemma
6.21 the proof of Theorem 6.18 is also completed. O

6.6 Consequences

This section is devoted to applications of Theorems 6.1 and 6.18. To this end
we will need a result on quotient spaces which is of independent interest.

6.6.1 A result on quotient spaces

We begin by introducing some pieces of notation and some terminology. Let
2<N be the Cantor tree. For every s,t € 2<N let s A ¢t denote the C-maximal
node w of 2<N with w C s and w C t. If s,t € 2<N are incomparable with
respect to C, then we write s < ¢ provided that (s At)"0C s and (sAt)"1 C ¢.
We say that a subset D of 2<N is a dyadic subtree of 2<N if D can be written
in the form D = {s; : t € 2<} so that for every t;,t, € 2< we have t; C t»
(respectively, t1 < t2) if and only if sy, T s, (respectively, s, < st,). It is easy
to see that such a representation of D as {s; : t € 2<N} is unique. In the sequel
when we write D = {s; : t € 2<N}, where D is a dyadic subtree, we will assume
that this is the canonical representation of D described above.
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Let O = {0} U {t"0: t € 2<N}. Namely, O is the subset of the Cantor tree
consisting of all sequences ending with 0. If D = {s; : t € 2<V} is a dyadic
subtree of 2<N then we set Op = {st : t € O}. Let hp: Op — N be the
unique bijection satisfying hp(s:,) < hp(se,) if either |t1] < |ta|, or |t1] = |t2]
and t; < t3. By h: O — N we shall denote the bijection corresponding to the
Cantor tree itself.

Proposition 6.24. [D3] Let E be a minimal Banach space not containing ¢;.
Also let X be a Banach space and let Y be a subspace of X. Assume that the
quotient X /Y has the Schur property. Then the following are satisfied.

(i) If Y is non-universal, then so is X.
(ii) If Y does not contain an isomorphic copy of E, then neither X does.

Proof. (i) This part is essentially a consequence of a result due to Lindenstrauss
and Pelczyniski [LP2] asserting that the property of not containing an isomorphic
copy of C(2V) is a three-space property. However, we shall give a proof for this
special case which is more direct.

For every t € 2<N let V; = {0 € 2V : ¢ C o}; that is, V; is the clopen subset
of 2V determined by the node t. We set f; = 1y,. Clearly f; € C(2V) and
I f¢llco = 1. Let (t,) be the enumeration of the set O according to the bijection
h introduced above, and consider the corresponding sequence (f, ). The main
properties of the sequence (f;, ) are summarized in the following claim.

Claim 6.25. The following hold.
(i) The sequence (fi,) is a normalized monotone Schauder basis of C(2V).

(ii) Let D = {s; : t € 2<N} be a dyadic subtree of 2<% and let (s,) be the enu-
meration of the set Op according to hp. Then the corresponding sequence
(fs,) is 1-equivalent to the basis (fz,).

(iii) For every t € 2<N there exists a sequence (wy) in 2<N with t C w, for
every n € N and such that the sequence (f,,) is weakly null.

Proof of Claim 6.25. The proof of part (i) is similar to the proof of Claim 5.13.
Indeed, consider the sequence (f;,) and notice that span{ f;, : n € N} = C(2").
To see that (f:,) is a monotone basic sequence let k,m € N with & < m and
ag, ..., am € R. There exists o € 2N such that

k k
1> anfill =122 anfi, (@)].
n=0 n=0

Let I,j € N with t; T t; (by the properties of h this implies that [ < j). There
exists a node s € 2<V with ¢, C s, |s| = [t;| and such that f,(z) = 0 for
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every x € V,. Using this observation we see that there exists 7 € 2% such that
fr,(7) = fi,,(0) if 0 < n < k while f; (1) =0 if & <n < m. Therefore,

k k m m
I il = |3 endin @) = | a0 < | Y anti].
n=0 n=0

n=0 n=0

This shows that (f;, ) is a normalized monotone Schauder basis of C'(2V). Part
(ii) follows using essentially the same argument. Finally, part (iii) is an imme-
diate consequence of the relevant definitions. The claim is proved. O

After this preliminary discussion we are ready to proceed to the proof of
part (i). Clearly it is enough to show that if the space X contains an iso-
morphic copy of C(2V), then so does Y. So, let Z be a subspace of X which
is isomorphic to C(2Y). We fix an isomorphism T: C(2Y) — Z and we set
K =||T|| - IT7Y|. Also let Q: X — X/Y be the natural quotient map. The
basic step for constructing a subspace Y’ of Y which is isomorphic to C(2V) is
given in the following claim.

Claim 6.26. Let (z,,) be a normalized weakly null sequence in Z and let r > 0
be arbitrary. Then there exist k € N and a vector y € Y such that ||z —y| < r.

Proof of Claim 6.26. Consider the sequence (Q(zn)) By our assumptions, it is
weakly null. The space X/Y has the Schur property. Hence, lim |[|Q(z,)|| = 0.
Let k € N with ||Q(zx)|| < r. By definition, there exists a vector y € Y such
that [|Q(zx)|| < |2k — y|| < 7. The claim is proved. O

Using part (iii) of Claim 6.25 and Claim 6.26, we may construct, recursively,
a dyadic subtree D = {s; : t € 2<N} of 2<N and a family {y; : t € 2<N} in V'
such that, setting z; = T'(fs,)/||T(fs,)|| for every t € 2<N we have

S o= wll <
2K

te2<N

By [LT, Proposition 1.a.9] and part (ii) of Claim 6.25, if (¢,,) is the enumeration
of the set O according to the bijection h, then the corresponding sequence (y;,, )
is equivalent to the sequence (f;, ). By part (i) of Claim 6.25, it follows that
the subspace Y’ = span{y:, : n € N} of Y is isomorphic to C(2"). The proof of
part (i) is completed.

(ii) We argue by contradiction. So assume that there exists a subspace Z of
X which is isomorphic to E. As in part (i), we denote by Q: X — X/Y the
natural quotient map. The fact that the space E does not contain ¢y yields that
the operator @Q: Z — X/Y is strictly singular. This, in turn, implies that

dist(Sz/,Sy) =min{||z —y|| : 2 € Z',y €Y and ||z]| = |yl =1} =0
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for every infinite-dimensional subspace Z’ of Z. Hence, there exist a subspace
Z" of Z and a subspace Y’ of Y which are isomorphic. Since E is minimal,
we see that Z” must contain an isomorphic copy of E. Hence so does Y, a
contradiction. The proof of Proposition 6.24 is completed. O

6.6.2 Applications
We start with the following corollary.

Corollary 6.27. [D3] Let A be an analytic subset of NU. Then there exists
an analytic subset A’ of NU with the following properties.

(i) EveryY € A’ has a Schauder basis.
(ii) For every X € A there exists Y € A’ containing an isometric copy of X.

Proof. Let Ly be the analytic subset of SB x SB obtained by Theorem 6.18
applied for A = 2. We define A’ by

YeA=3IXeSB[X eAand (X,Y) € Ly].

Clearly A’ is analytic. By Theorem 6.1, part (i) of Proposition 6.24 and Theorem
B.12, the set A’ is as desired. The proof is completed. O

Let X be a Banach space with a Schauder basis. As in Section 2.4, for every
normalized Schauder basis (e,) of X and every separable Banach space Y by
Tne (Y, X, (e,)) we shall denote the tree defined in (2.10).

Now let X be a non-universal separable Banach space and A > 1. By
Theorem 6.1 and part (i) of Proposition 6.24, the space £[X] is non-universal.
We have the following quantitative refinement of this fact.

Corollary 6.28. [D3] Let (e,) be a normalized Schauder basis of C(2Y) and
let A > 1. Then there exists a map fx: w1 — wy such that for every & < w
and every separable Banach space X with o(Tnc(X,C(2Y), (e,))) < € we have

o(Tnc(LA[X],C(2Y), (en))) < fr(£)-

In particular, there exists a map f: w1 — wy such that for every countable
ordinal &, every separable Banach space X with o(Tnc(X,C(2Y), (en))) < €
embeds isometrically into a Banach space Y with a Schauder basis satisfying

o(Tnc(Y,C(2%), (en))) < (6).
Proof. By Theorem 2.17, the map

NU 5 X 5 o(Tnc (X, C(2V), (en)))
is a IT}-rank on NU. Let & < w; be arbitrary and set

A¢ = {X € NU: o(Tnc(X,C(2Y), (en))) < €}
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By part (i) of Theorem A.2, the set A, is analytic (in fact Borel). Let £y be
the analytic subset of SB x SB obtained by Theorem 6.18 applied for the given
A. We define B¢ by

Y € B & 3X €SB [X € A¢ and (X,Y) € £,].

As in Corollary 6.27, we see that Be is an analytic subset of NU. By part (ii)
of Theorem A.2, we have

sup {o(Tnc(Y,C(2V), (en))) 1 Y € Be} = (¢ < wi.
We set fx(§) = ¢. Clearly the map f) is as desired. The proof is completed. [J

We close this subsection by presenting the following analogues of Corollar-
ies 6.27 and 6.28 for the class NCx. They are both derived using identical
arguments as above.

Corollary 6.29. [D3] Let X be a minimal Banach space not containing ;.
Also let A be an analytic subset of NCx. Then there exists an analytic subset
A’ of NCx with the following properties.

(i) EveryY € A’ has a Schauder basis.
(ii) For every Z € A there exists Y € A’ containing an isometric copy of Z.

Corollary 6.30. [D3] Let X be a minimal Banach space with a Schauder
basis and not containing ¢1. Let (e,) be a normalized Schauder basis of X
and let X\ > 1. Then there exists a map f5X: w1 — wi such that for every
& < w1 and every separable Banach space Z with o(TNC(Z7 X, (en))) < € we
have o(Tnc(LA1Z], X, (€4))) < ().

In particular, there exists a map fx: w1 — wy such that for every count-
able ordinal &, every separable Banach space Z with O(TNC(Z, X, (en))) <€
embeds isometrically into a Banach space Y with a Schauder basis satisfying

o(Tne(Y, X, (en))) < fx(§)-

6.7 Comments and Remarks

1. As we have already mentioned, the method of extending operators presented
in Section 6.1 was invented by Kisliakov [Ki]. The reader can find in [Ki] and
[Pil] further structural properties. We refer to the monograph of Pisier [Pi2]
for more information.

2. The Bourgain—Pisier construction was the outcome of the combination of
two major achievements of Banach space theory during the 1980s. The first
one is the Bourgain—Delbaen space [BD], the first example of a L£.-space not



112 CHAPTER 6. THE BOURGAIN-PISIER CONSTRUCTION

containing an isomorphic copy of ¢y. The second one is Pisier’s scheme developed
in [Pil] for producing counterexamples to a conjecture of Grothendieck.

Our presentation follows closely the original one. We notice, however, that
the proof of Theorem 6.13 differs slightly from the one in [BP].
3. Theorem 6.18 and its consequences are taken from [D3]. We should point
out that no explicit bounds for the functions f) and ff( , obtained by Corollaries
6.28 and 6.30 respectively, are known.



Chapter 7

Strongly bounded classes of
Banach spaces

Let (P) be a property of Banach spaces and suppose that we are given a class
of separable Banach spaces such that every space in the class has property (P).
The main problem addressed in the chapter is whether we can find a separable
Banach space Y which has property (P) and contains an isomorphic copy of
every member of the given class. We will consider quite classical properties of
Banach spaces such as “being reflexive”, “having separable dual” and “being
non-universal”.

We will characterize those classes of separable Banach spaces admitting such
a universal space. The characterization will be a byproduct of a structural
property satisfied by the corresponding classes REFL, SD and NU introduced in
Chapter 2. In abstract form this structural property is isolated in the following
definition.

Definition 7.1. [AD] Let C C SB. We say that the class C is strongly bounded
if for every analytic subset A of C there exists Y € C that contains an isomorphic
copy of every X € A.

The verification that a certain class is strongly bounded proceeds in two
steps. In the first step one treats analytic classes of Banach spaces with a
Schauder basis. The universal space in such a case is constructed using the
tools presented in Chapters 3 and 4. In the second step one reduces the general
case to the case of spaces with a Schauder basis using the embedding results, as
well as their parameterized versions, developed in Chapters 5 and 6.

113



114 CHAPTER 7. STRONGLY BOUNDED CLASSES

7.1 Analytic classes of separable Banach spaces
and Schauder tree bases

This section is devoted to the proof of the following correspondence principle
between analytic classes of Banach spaces with a Schauder basis and Schauder
tree bases (see Definition 3.1).

Lemma 7.2. [AD] Let A be an analytic subset of SB such that everyY € A has
a Schauder basis. Then there exist a separable Banach space X, a pruned B-tree
T on Nx N and a normalized sequence (x)ier in X such that the following are
satisfied.

(1) The family X = (X,N x N, T, (x¢)teT) s a Schauder tree basis.
(ii) For every Y € A there exists o € [T| with Y = X,,.
(iii) For every o € [T there exists Y € A with X, 2 Y.

Lemma 7.2 will be our basic tool for constructing universal spaces for cer-
tain classes of separable Banach spaces. Its proof is based on a technique in
descriptive set theory, introduced by Solovay, known as “unfolding”.

Proof of Lemma 7.2. Let U be Pelczynski’s universal space for basic sequences
described in Theorem 1.9. Recall that the basis (u,) of U is normalized and bi-
monotone, and notice that these properties are inherited by the subsequences
of (u,). As in Section 2.5, for every L = {lp < I3 < ---} € [N]* we set
Up, = span{u;, : n € N}. By identifying the space U with one of its isometric
copies in C(2V), we see that the map ®: [N]* — SB defined by ®(L) = Uy, is
Borel.
Now let A be as in the statement of the lemma and set

A~ ={Z € SB:3Y € A such that Z=Y}.

That is, A~ is the isomorphic saturation of A. By property (P7) in Section 2.1.1,

~

the equivalence relation = of isomorphism is analytic in SB x SB. Therefore,
the set A~ is analytic. Hence, the set

A={LeN*®:3Y € Awith Uy =Y} =& !(Ax)

is also analytic. The definition of the set A, the universality of the basis (uy) of
the space U and our assumptions on the set A, imply the following.

(a) For every L € A there exists Y € A with U, =Y.

(b) For every Y € A there exists L € A with Y = Up.
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The space [N]* is naturally identified as a closed subspace of the Baire space NV,
Hence, the set A can be seen as an analytic subset of NN, By Theorem 1.6, there
exists a pruned tree S on N x N such that A = proj[S]. Let T = S\ {0}; that is,
T is the B-tree on N x N corresponding to the tree S (see Section 1.2). Notice
that every node ¢ of T is a pair (s, w) of nonempty finite sequences in N with
|s| = |w| and such that s is strictly increasing. For every t = (s,w) € T we set
ny = max{n : n € s} and we define z; = u,,. Also we set X =span{z;:t € T}.
Using properties (a) and (b) isolated above, it is easy to see that the tree T, the
space X and the family (x¢)ier are as desired. The proof is completed. O

We will also deal with analytic classes of Banach spaces having shrinking
Schauder bases. In these cases we will need the following variant of Lemma 7.2.

Lemma 7.3. [AD] Let A be an analytic subset of SB such that every Y € A
has a shrinking Schauder basis. Then there exist a separable Banach space X,
a pruned B-tree T on N X N and a normalized sequence (xt)ier in X such that
the following are satisfied.

(1) The family X = (X,N x N, T, (x¢)ter) s a Schauder tree basis.
(ii) For every o € [T the basic sequence (To|n)n>1 is shrinking.
(iii) For every Y € A there exists o € [T| with Y = X,.

(iv) For every o € [T] there exists Y € A with X, 2 Y.

Proof. The proof follows the lines of the proof of Lemma 7.2. The extra in-
gredient is the use of the coding of basic sequences developed in Section 2.5.
Specifically, let U be Pelczyniski’s universal space for basic sequences and let
(up) be the basis of U. As in (2.11), consider the set

S={L={lo<ly <---} €[N*: (u,) is shrinking}.
By Theorem 2.20, the set S is IT{ and the map
S>L— SZ(UL)

is a II}-rank on S.

Now let A be an analytic subset of SD such that every Y € A has a shrinking
Schauder basis. By Theorem 2.11, the Szlenk index is a IT{-rank on SD. Hence,
by part (ii) of Theorem A.2, there exists a countable ordinal ¢ such that

sup{Sz(Y): Y € A} = (.
Invoking part (i) of Theorem A.2, we see that the set
Sc={LeS:Sz(U) <}

is a Borel subset of S. By the choice of the ordinal {, the definition of the set
S¢ and our assumptions on the class A, the following are satisfied.



116 CHAPTER 7. STRONGLY BOUNDED CLASSES

(a) For every Y € A there exists L € S¢ such that Y = Uy.
(b) For every L = {lyp <y <---} € S the basic sequence (v, ) is shrinking.

We define
A={LeS8;:3Y € Awith U, 2Y}.

Using the fact that S¢ is a Borel subset of [N]* and arguing as in the proof of
Lemma 7.2, we see that A is an analytic subset of [N]>°. Let S be the pruned
tree on N x N such that A = proj[S] and let T'= S\ {#} be the pruned B-tree
on N x N corresponding to S. We define the family (x;);cr and the space X
as in the proof of Lemma 7.2. It is easily verified that the tree T', the space
X and the family (x¢)ier satisfy all requirements of the lemma. The proof is
completed. O

7.2 Reflexive spaces

Reflexive spaces with a Schauder basis

Theorem 7.4. [AD] Let A be an analytic subset of REFL and assume that
every Y € A has a Schauder basis. Then there exists a reflexive Banach space Z
with a Schauder basis that contains every Y € A as a complemented subspace.

Proof. We apply Lemma 7.2 to the analytic class A and we obtain a Schauder
tree basis X = (X,N x N, T, (z4)ter) such that the following are satisfied.

(a) For every Y € A there exists o € [T] such that Y = X,,.

(b) For every o € [T] there exists Y € A such that X, =2 Y. In particular, for
every o € [T] the space X, is reflexive.

The desired space Z is the 2-amalgamation space A3 of the Schauder tree basis
X (see Definition 4.2). Indeed observe first that, by the discussion in Section
4.1, the space Z has a Schauder basis. Moreover, by Fact 4.3 and property (a)
above, the space Z contains every Y € A as a complemented subspace. Finally,
the fact that Z is reflexive follows by Theorem 4.4 and property (b) above. The
proof is completed. O

The class REFL

Theorem 7.5. [DF] Let A be an analytic subset of REFL. Then there exists
a reflerive Banach space Z with a Schauder basis that contains an isomorphic
copy of every X € A.

In particular, the class REFL is strongly bounded.
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Proof. We fix an analytic subset A of REFL. We apply Corollary 5.25 and we
obtain an analytic subset A’ of REFL with the following properties.

(a) Every Y € A’ has a Schauder basis.

(b) For every X € A there exists Y € A’ containing an isomorphic copy of X.

We apply Theorem 7.4 and we obtain a reflexive Banach space Z with a Schauder
basis that contains an isomorphic copy of every Y € A’. By property (b) above,
we see that the space Z must also contain an isomorphic copy of every X € A.
The proof is completed. O

Consequences

For every X € SB let Trerr(X) be the tree on N defined in Section 2.2. By
Theorem 2.5, the map

REFL > X — O(TREFL(X))

is a IT{-rank on REFL. This fact and Theorem 7.5 lead to the following char-
acterization of those classes of separable Banach spaces admitting a separable
reflexive universal space.

Theorem 7.6. Let C C SB. Then the following are equivalent.

(1) There exists a separable reflexive Banach space Z that contains an isomor-
phic copy of every X € C.

(if) We have sup {o(TrerL(X)) : X € C} < wy.
(iii) There exists an analytic subset A of REFL such that C C A.

Proof. (i)=-(ii) Let Z be a separable reflexive Banach space containing an
isomorphic copy of every X € A. There exists a countable ordinal ¢ such
that 0<TREFL(Z)) = £. By Proposition 2.7 and our assumptions, we see that
O(TREFL(X)) < O(TREFL(Z)) <<€ for every X € C. Therefore,

sup {O(TREFL(X)> : X e C} < f < w1

as desired.

(ii)=>(iii) Let £ < w; be such that sup {o(TrerL(X)) : X € C} = £ and set
A= {Z € REFL : O(TREFL(Z)) < f}

By part (i) of Theorem A.2, the class A is analytic while, by the choice of the
countable ordinal £, we obtain that C C A.
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(iii)=-(i) Let A be an analytic subset of REFL such that C C A. We apply
Theorem 7.5 to the class A and we obtain a reflexive space Z with a Schauder
basis that contains an isomorphic copy of every X € A. A fortiori, the space Z
contains an isomorphic copy of every X € C. The proof is completed. O

As in Section 2.2, let UC be the subset of REFL consisting of all separable
uniformly convex Banach spaces. It is Borel. Hence, applying Theorem 7.5 to
the class UC, we recover the following result due to Odell and Schlumprecht.

Corollary 7.7. [OS] There exists a separable reflexive space R that contains
an isomorphic copy of every separable uniformly convex Banach space.

7.3 Spaces with separable dual

Spaces with a shrinking Schauder basis

Theorem 7.8. [AD] Let A be an analytic subset of SD and assume that every
Y € A has a shrinking Schauder basis. Then there exists a Banach space Z
with a shrinking Schauder basis that contains every Y € A as a complemented
subspace.

Proof. Applying Lemma 7.3 to the analytic class A, we obtain a Schauder tree
basis X = (X,N x N, T, (zt)ter) such that the following are satisfied.

(a) For every Y € A there exists o € [T] such that Y = X,,.
(b) For every o € [T] the basic sequence (Z4|n)n>1 is shrinking.

The desired space Z is the ¢ Baire sum of the Schauder tree basis X (see
Definition 3.2). Notice first that, by the discussion in Section 3.2 and property
(a) above, the space Z has a Schauder basis and contains every ¥ € A as
a complemented subspace. The fact that Z has a shrinking Schauder basis
follows by property (b) and Corollary 3.29. The proof is completed. O

The class SD

Theorem 7.9. [DF] Let A be an analytic subset of SD. Then there ezists a
Banach space Z with a shrinking Schauder basis that contains an isomorphic
copy of every X € A.

In particular, the class SD is strongly bounded.

Proof. Let A be an analytic subset of SD. By Corollary 5.24, there exists an
analytic subset A’ of SD with the following properties.

(a) Every Y € A’ has a shrinking Schauder basis.
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(b) For every X € A there exists Y € A’ containing an isomorphic copy of X.

By Theorem 7.4 applied to the analytic class A’, we see that there exists a
Banach space Z with a shrinking Schauder basis that contains an isomorphic
copy of every Y € A’. By (b) above, the space Z is as desired. The proof is
completed. O

Consequences

For every X € SB let Sz(X) be the Szlenk index of X. By Theorem 2.11, the
map
SD 5 X — Sz(X)

is a IT{-rank on SD. Therefore, by Theorem 7.9 and using identical arguments
as in the proof of Theorem 7.6, we obtain the following characterization of those
classes of separable Banach spaces admitting a universal space with separable
dual.

Theorem 7.10. Let C C SB. Then the following are equivalent.

(i) There exists a Banach space Z with separable dual that contains an isomor-
phic copy of every X € C.

(ii) We have sup {Sz(X) : X € C} < w;.
(iii) There exists an analytic subset A of SD such that C C A.
Fix a countable ordinal £ and consider the set
Ae ={X € SB: Sz(X) < ¢}

By Theorem 2.11 and part (i) of Theorem A.2, we see that A, is a Borel subset
of SD. Hence, by Theorem 7.9, we obtain the following corollary.

Corollary 7.11. [DF] There exists a family {Yz : £ < w1} of Banach spaces
such that for every countable ordinal € the following are satisfied.

(i) The space Ye has a shrinking Schauder basis.

(ii) If X is a separable Banach space with Sz(X) < &, then Y contains an
isomorphic copy of the space X .

7.4 Non-universal spaces

Non-universal spaces with a Schauder basis

Theorem 7.12. [AD] Let A be an analytic subset of NU and assume that every
Y € A has a Schauder basis. Then there exists a non-universal Banach space Z
with a Schauder basis that contains every Y € A as a complemented subspace.
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Let X,Y, Z be Banach spaces and let T: X — Y be a bounded linear oper-
ator. We say that the operator T fizes a copy of Z if there exists a subspace
FE of X which is isomorphic to Z and is such that the operator T: £ — Y
is an isomorphic embedding. For the proof of Theorem 7.12 we will need the
following classical result due to Rosenthal.

Theorem 7.13. [Rol] Let X be a Banach space and let T: C(2Y) — X be a
bounded linear operator. If T fizes a copy of {1, then T fizes a copy of C(2N).

We are ready to proceed to the proof of Theorem 7.12.

Proof of Theorem 7.12. We apply Lemma 7.2 to the analytic class A and we
obtain a Schauder tree basis X = (X,N x N, T, (x¢)¢er) such that the following
are satisfied.

(a) For every Y € A there exists o € [T] such that ¥ = X,,.
(b) For every o € [T] the space X, is non-universal.

The desired space Z is the /5 Baire sum of the Schauder tree basis X. Indeed,
the space Z has a Schauder basis and contains every Y € A as a complemented
subspace. What remains is to check that the space Z is non-universal.

We will argue by contradiction. So assume, towards a contradiction, that
there exists a subspace E of Z which is isomorphic to C(2V). Let E’ be a
subspace of E which is isomorphic to ¢;. By Theorem 3.23, we see that the
subspace E’ of Z is not X-singular. In other words and according to Definition
3.4, there exist o € [T] and a further subspace E” of E’ such that the operator
P,: E"” — X, is an isomorphic embedding. Clearly, we may additionally assume
that E” is isomorphic to ¢;. Now consider the operator P,: E — X,. What
we have just proved is that the operator P,: E — X, fixes a copy of ¢;. By
Theorem 7.13, the operator P,: E — X, must also fix a copy of C'(2"). Since
the spaces X, and X, are isometric, this implies that the space X, is universal.
This is a contradiction by property (b) above. Therefore, Z is non-universal.
The proof of Theorem 7.12 is completed. O

The class NU

Theorem 7.14. [D3] Let A be an analytic subset of NU. Then there exists a
non-universal Banach space Z with a Schauder basis that contains an isomorphic
copy of every X € A.

In particular, the class NU is strongly bounded.

Proof. Let A be an analytic subset of NU. We apply Corollary 6.27 and we
obtain an analytic subset A’ of NU with the following properties.

(a) Every Y € A’ has a Schauder basis.
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(b) For every X € A there exists Y € A’ containing an isomorphic copy of X.

Next, we apply Theorem 7.12 to the analytic class A’ and we obtain a non-
universal Banach space Z with a Schauder basis that contains every ¥ € A'.
By (b) above, the space Z is as desired. The proof is completed. O

Consequences

In what follows let (e,,) denote a fixed normalized Schauder basis of C'(2Y). Asin
Section 2.4, for every for every separable Banach space Y by Txc (Y, C(2M), (en))
we denote the tree defined in (2.10). By Theorem 2.17, the map

NU 3 Y = o(Tne(Y, C(2Y), (en)))

is a ITi-rank on NU. Arguing as in the proof of Theorem 7.6, we obtain the fol-
lowing characterization of those classes of separable Banach spaces admitting a
separable universal Banach space which is not universal for all separable Banach
spaces.

Theorem 7.15. [D3] Let C C SB. Then the following are equivalent.

(i) There exists a non-universal separable Banach space Z that contains an
isomorphic copy of every X € C.

(if) We have sup {o(Tnc(X,C(2V), (en))) : X € C} < wy.
(iii) There exists an analytic subset A of NU such that C C A.

The following consequence of Theorems 6.1 and 7.14 shows that the class of
Lo-spaces is “generic”.

Corollary 7.16. [D3] For every A > 1 there exists a family {Yg‘ & <w ) oof
separable Banach spaces with the following properties.

(i) For every £ < wy the space Y?‘ is non-universal and Loo r+ .
(i) If € < ¢ <ws, then Yg‘ is contained in YC)‘.

(iii) If X is a separable Banach space with o(Tnc(X,C(2Y), (e,))) < &, then
Ye contains an isomorphic copy of X.

Proof. Fix A > 1. The family {Yg\ : &€ < wy} will be constructed by transfinite
recursion on countable ordinals. As the first step is identical to the general one
we may assume that for some countable ordinal £ and every ¢ < £ the space Y<A
has been constructed. We set

C={X eNU:o(Tnc(Y,C(2"V), (en))) < FU{Y2: (<&}
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By Theorem 2.17 and part (i) of Theorem A.2, C is an analytic subset of NU.
We apply Theorem 7.14 and we obtain a separable non-universal space Z that
contains an isomorphic copy of every X € C. Next, we apply Theorem 6.1 to the
space Z, and we define Yg’\ to be the space £,[Z]. This completes the recursive
construction. Using Theorem 6.1 and Proposition 6.24, it is easily seen that the
family {Yg‘ : € <wy } is as desired. The proof is completed. O

7.5 Spaces not containing a minimal space X

Spaces with a Schauder basis and not containing a minimal space X

Theorem 7.17. [AD] Let X be a minimal Banach space. Let A be an analytic
subset of NCx and assume that every Y € A has a Schauder basis. Then
there exists a Banach space Z € NCx with a Schauder basis that contains every
Y € A as a complemented subspace.

Proof. The space X is minimal. Therefore, there exists 1 < ¢ < +o0o such
that the space X does not contain an isomorphic copy of ¢,. We fix such a q.
Applying Lemma 7.2 to the analytic class A, we obtain a Schauder tree basis
X = (X,NxN, T, (2)ter) with the following properties.

(a) For every Y € A there exists o € [T] such that ¥ = X,,.
(b) For every o € [T] we have X, € NCx.

The desired space Z is the g-amalgamation space Aff of the Schauder tree basis
X. Indeed, the space Aff has a Schauder basis and contains every Y € A as a
complemented subspace. We will verify that Z does not contain an isomorphic
copy of the minimal Banach space X.

As in the proof of Theorem 7.12, we will argue by contradiction. So assume
that there exists a subspace E of Z which is isomorphic to X. There exist
a block subspace E’ of Z and a subspace X’ of X such that £/ = X’. By
the choice of ¢ and the minimality of X, we see that E’ does not contain an
isomorphic copy of ¢,. Applying Corollary 4.7 and invoking property (iii) in
Lemma 7.2, we obtain £ € N and Yj,...,Y, € A such that E’ is isomorphic
to a subspace of Zﬁ:o @Y,,. By Lemma B.6, there exist ng € {0,...,k} and a
subspace E” of E’ such that E” is isomorphic to a subspace of Y,,,. Since X
is minimal, this implies that Y}, must contain an isomorphic copy of X. This
contradicts our assumptions on the class A. Hence, Z does not contain X. The
proof is completed. O

The class NCx with X minimal not containing /¢,

Theorem 7.18. [D3] Let X be a minimal Banach space not containing ¢,. Let
A be an analytic subset of NCx. Then there exists a Banach space Z € NCx
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with a Schauder basis that contains an isomorphic copy of every Y € A.
In particular, the class NCx is strongly bounded.

Proof. Fix an analytic subset A of NCx. We apply Corollary 6.29 and we obtain
an analytic subset A’ of NCx with the following properties.

(a) Every E € A’ has a Schauder basis.
(b) For every Y € A there exists F € A’ containing an isomorphic copy of Y.

We apply Theorem 7.17 to the analytic class A’ and we obtain a Banach space
7 € NCx with a Schauder basis which is universal for the class A’. Invoking
property (b) above, we see that the space Z is the desired one. The proof is
completed. O

Consequences

Fix a minimal space X with a Schauder basis and not containing ¢;. Let (ej)
be a normalized Schauder basis of X. For every separable Banach space Y by
Txe (Y, X, (en)) we denote the tree defined in (2.10). By Theorem 2.17, the
map

NCx >Y — O(TNc(Y, X, (en)))

is a IT{-rank on NCx. Using the same analysis as in Section 7.4, we obtain the
following analogues of Theorem 7.15 and Corollary 7.16 respectively.

Theorem 7.19. [D3] Let X be a minimal Banach space with a Schauder basis
and not containing {1 and let (e,) be a normalized Schauder basis of X. Let
C C SB. Then the following are equivalent.

(i) There exists a Banach space Z € NCx that contains an isomorphic copy of
every Y € C.

(ii) We have sup {O(TNC(Y, X, (6"))) Y e C} < wi.
(iii) There exists an analytic subset A of NCx such that C C A.

Corollary 7.20. [D3] Let X be a minimal Banach space with a Schauder basis
and not containing €1 and let (e,) be a normalized Schauder basis of X. Then
for every A\ > 1 there exists a family {Yg\ : € <wi} of separable Banach spaces
with the following properties.

(i) For every & < wy the space Yg‘ 18 Loo a+ and does not contain an isomorphic
copy of X.

(i) If ¢ < ¢ < ws, then Yg‘ is contained in YC)‘.

(iii) If Y is a separable Banach space with o(Tnc(Y, X, (en))) < &, then Ye
contains an isomorphic copy of Y.



124 CHAPTER 7. STRONGLY BOUNDED CLASSES

7.6 Comments and Remarks

1. The results contained in this chapter are particular instances of a more
general phenomenon in descriptive set theory known as strong boundedness.
The phenomenon was first touched upon by Kechris and Woodin in [KW2], and
it was independently rediscovered in the context of Banach space theory in [AD].
Abstractly, one has a IT} set B, a natural notion of embedding between elements
of B and a canonical IT}-rank ¢ on B which is coherent with the embedding,
in the sense that if z,y € B and x embeds into y, then ¢(z) < ¢(y). The
strong boundedness of B is the fact that for every analytic subset A of B there
exists y € B such that x embeds into y for every x € A. Basic examples
of strongly bounded classes are the well-orderings WO and the well-founded
trees WF (however, in these cases, strong boundedness is easily seen to be
equivalent to boundedness). Beside the examples of strongly bounded classes
coming from Banach space theory, another example of a strongly bounded class
consisting of topological spaces was discovered in [D2].

Although our description of a strongly bounded class referred to a ITi set,
we should point out that the phenomenon has been verified for more compli-
cated sets. For instance, the strongly bounded class discovered in [KW2] was
a IT3 set. This has also been encountered in Banach space theory. In partic-
ular, it was shown in [DL] that the class US consisting of all unconditionally
saturated separable Banach spaces is strongly bounded (recall that an infinite-
dimensional Banach space X is said to be unconditionally saturated if every
infinite-dimensional subspace Y of X contains an unconditional basic sequence).
The class US is IT3.

2. The first step towards the structural results presented in these notes was
made in [AD]. The machinery developed in [AD] was able to treat the case of
analytic classes of Banach spaces with a Schauder basis. In particular, Theorems
7.4,7.8,7.12 and 7.17 are taken from [AD]. In these important special cases one
can actually construct a complementably universal space. By a classical result
due to Johnson and Szankowski [JS], one cannot expect such a strong property
for the general case.

3. As we have already noted, Corollary 7.7 is due to Odell and Schlumprecht
[OS]. The problem of the existence of a separable reflexive Banach space which
is universal for the separable uniformly convex spaces had been asked by Bour-
gain [Boul].
4. Corollary 7.11 is taken from [DF] and answers a problem posed by Rosenthal
(see [Ro3]).

5. Theorems 7.15 and 7.19 are taken from [D3]. Although the corresponding
results, Theorems 7.6 and 7.10 respectively, were not explicitly isolated in [DF)]
they are implicitly contained in that work.
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6. Theorem 7.14 is taken from [D3]. The problem whether the class NU is
strongly bounded had been asked by Kechris in the 1980s.
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Appendix A

Rank theory

Definitions and basic properties

Definable ranks are fundamental tools in descriptive set theory. In our presen-
tation we will concentrate only on the first level of the projective hierarchy.

Definition A.1. Let X be a Polish space and let B be a T1} subset of X. A map
¢: B — wy is said to be a H%—rank on B if there are relations <x, <pC X x X
in X1 and TI1 respectively, such that for every y € B we have

o(z) < ¢(y) < (z€B) and ¢(z) < ¢(y)
< T<xysST<ny.

The basic properties of IT}-ranks are summarized below.

Theorem A.2. Let X be a Polish space, let B be a II subset of X and let
¢: B — wy be a IIi-rank on B. Then the following hold.

(i) For every countable ordinal £ the set Be = {x € B : ¢(zx) < &} is Borel.
(i) For every analytic subset A of B we have sup{¢(z) : x € A} < w;.
(iii) B is Borel if and only if sup{¢(z): x € B} < wy.

Property (i) in Theorem A.2 follows from the fact that A} = B(X). For
every { < wp the set By is called the ¢-resolvent of B. Property (ii) is known as
boundedness. 1t is a consequence of a more general result concerning the length
of definable well-founded relations due to Kunen and Martin (see [Ke, Theorems
35.23 and 31.1]). Part (iii) follows easily by part (ii). The following fact will be
useful in the discussion below.

127
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Fact A.3. Let X be a Polish space, let B be a T1} subset of X and let ¢: B — wy.
Then ¢ is a IIi-rank on B if and only if there are relations <%, <tC X x X
both in 1 such that for every y € B we have

(x € B) and ¢(x) < d(y) &z <5y

and
(x € B) and ¢(z) < ¢(y) & = <% y.

Proof. First, assume that ¢ is a H%—rank on B and let <y, <1 be the associated
relations described in Definition A.1. Define <% by

r <t ye (v <sy) and —(y <y )

and set <G=<x. It is easy to see that < and <%, are as desired.
Conversely, set <z=<% and define

r<ny < (x € B) and —~(y <% ).

Again it is easily verified that the relations <y and <y witness that ¢ is a
IT}-rank on B. The proof is completed. O

Well-founded trees

The following theorem provides the archetypical example of a ITi-rank.

Theorem A.4. Let A be a countable set. Then the set WF(A) is II1 and the
map T+ o(T) is a IIi-rank on WEF(A).

Proof. To see that WF(A) is ITi notice that
T € WF(A) & Vo € AN 3k € N with ok ¢ T.

We proceed to show that T+ o(T') is a II}-rank on WF(A). We will use Fact
A.3. Specifically, consider the relations <y and <y in Tr(A) x Tr(A) defined by

S <y T e T¢WFA) or [S,T € WFE(A) and o(S) < o(T)]

and
S<sT<T¢WF(A)or [S,T € WF(A) and o(S) < o(T)].

By Proposition 1.5, we have

S<sg T« 3f: S — T monotone,

and so, the relation <y is 31. For every T € Tr(A) and every A\ € A we set
T\ = {t : A"t € T}. Observe that if T € WF(A), then o(T) = sup{o(T)) : A €
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A} +1, while if T € IF(A), then there exists A € A such that T € IF(A). Using
these remarks and invoking again Proposition 1.5, we see that

S<s T4 3dX€e Aand 3f: S — T, monotone.
The proof is completed. O

Let A be an analytic subset of WF. By part (ii) of Theorem A.2 and Theorem
A4, there exists a well-founded tree S on N such that o(T) < o(S) for every
T € A. The following parameterized version of this fact is useful in applications.

Theorem A.5. Let X be a standard Borel space and let A C X xTr be analytic.
Then there exists a Borel map f: X — Tr such that for every x € X, if the
section Ay = {T : (z,T) € A} of A at z is a subset of WF, then f(z) € WF
and o(f(x)) = sup{o(T) : T € A}, while if A, NIF # 0, then f(x) € IF.

Proof. All uncountable standard Borel spaces are Borel isomorphic (see [Ke,
Theorem 15.6]). Hence, we may assume that X = NY. In this case we will show
that the map f can be chosen to be continuous. So let A € NN x Tr be analytic.
There exists FF C NN x Tr x NN closed with A = projymy 1, F. For every z € NN
we define T, € Tr(N x N) by

T, = {(t,s) : |t|=|s| =n and 3(y,T,z) € F with
zln=yln, t € T and s = z|n}.

The map h: NY¥ — Tr(N x N) defined by h(x) = T, is easily seen to be contin-
uous.

Claim A.6. For every x € NN we have T, € WF(NxN) if and only if A, C WF.

Proof of Claim A.6. Fix € NY. First assume that T} is well-founded. For
every T € A, we select z € NV such that (2,7, z) € F. Define ¢: T — T, by
@(t) = (t,z|n) where n = [t|. Then ¢ is a well-defined monotone map. Since
T, € WF(N x N), by Proposition 1.5, we see that T' € WF and o(T') < o(T%).
Conversely, assume that T}, € IF(Nx N). Let ((f,,,55)) be an infinite branch
of T,. For every n € N there exist y, € N¥, T,, € Tr and 2, € NY such that
(Yn, Tn,zn) € F, ypln = z|n, t, € T, and z,|n = s,,. It follows that y, — =
and z, — z where z = J,, 5, € NN, Moreover, by passing to subsequences if
necessary, we may assume that there exists T' € Tr such that T,, — T (the space
of trees is compact). The set F is closed. Hence (z,T,z) € F and so T € A,.
As every T' € Tr is downwards closed, we see that t,, € T for every k > n. This
implies that ¢,, € T for every n € N; that is, the tree T is ill-founded. The claim
is proved. O

Notice that, by the proof of the above claim, we have that if A, C WF, then
sup{o(T) : T € A} < o(T;). Now let g: Tr(N x N) — Tr be any continuous
map satisfying the following properties.
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(a) We have T'e WF(N x N) if and only if ¢(T") € WF.
(b) For every T € Tr(N x N) we have o(T) < o(g(T)).

We define f: N¥ — Tr by f(x) = g(T,). Clearly f is as desired. The proof of
Theorem A.5 is completed. O

Reductions
We recall the following notion.

Definition A.7. Let X and Y be Polish spaces, and let A C X and B C Y.
We say that A is Wadge (respectively, Borel) reducible to B if there exists a
continuous (respectively, Borel) map f: X —Y such that f~1(B) = A.

The link between the concept of Borel reducibility and ITi-ranks is given in
the following fact. Its proof is straightforward.

Fact A.8. Let X and Y be Polish spaces, and let A C X and B CY. Assume
that A is Borel reducible to B via a Borel map f: X — Y. Assume, moreover,
that B is I and that ¢: B — wy is a IIi-rank on B. Then A is II3 and the
map : A — wy defined by ¥(z) = ¢(f(x)) is a I}-rank on A.

Theorem A.4 combined with Fact A.8 gives us a powerful method for con-
structing II}-ranks on IT3 sets. Simply find a reduction of the set in question to
WF and then assign to every point the order of the well-founded tree to which
the point is reduced. We will illustrate this method by showing the following
fundamental result.

Theorem A.9. Let X be a Polish space and let B C X be a H% set. Then
there exists a II-rank on B.

Proof. We have already indicated that, by Theorem A.4 and Fact A.8, it is
enough to find a Borel reduction of B to WF. Invoking the fact that all un-
countable Polish spaces are Borel isomorphic, we may assume that X is the
Baire space NN, In this case we will show that B is Wadge reducible to WF.
In particular, by Theorem 1.6 and the fact that B is I}, there exists a pruned
tree T on N x N such that B¢ = p[T]. For every o € NY we set

T(o) ={t e NV: |t| = k and (o]k,t) € T} € Tr.

The tree T'(o) is usually called the section tree of T at o. It is easy to see that
the map f: NN — Tr defined by f(o) = T(0) is continuous. Observe that

o ¢ B e Ir e NV with (0,7) € [T] & T(0) € IF

and so f~1(WF) = B. The proof is completed. O
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Derivatives

The most frequently met construction of an ordinal ranking in analysis involves
some kind of derivation procedure. The main result in this subsection asserts
that if the derivative is sufficiently definable (in particular, if it is Borel), then
the associated rank is actually a IT}-rank. A typical example is the Cantor—
Bendixson derivative of a compact subset K of a Polish space X and the cor-
responding Cantor—Bendixson rank on the set of all countable compact subsets
of X.

Specifically, let X be a Polish space. A map D: K(X) — K(X) is said to
be a derivative on K(X) if D(K) C K for all K € K(X), and D(K;) C D(K3)
if K1 C K. For every K € K(X) by transfinite recursion we define the iterated
derivatives (D*(K) : £ <wi) of K by

D°(K) = K, D**(K) = D(D%(K)) and DM(K) = (1| D*(K) if A is limit.
£<

Clearly (D£ (K):¢< wl) is a transfinite decreasing sequence of compact subsets
of X, and so, it is eventually constant. The D-rank of K, denoted by |K|p,
is defined to be the least ordinal ¢ such that D$(K) = D¢*t(K). Also we set
D>*(K) = DI¥Ip(K).

In applications we often need to deal with parameterized derivatives. In
particular, let X and Y be Polish spaces. A map D: Y x K(X) — K(X) is said
to be a parameterized derivative if for every y € Y the map D, : K(X) — K(X)
defined by D, (K) = D(y, K), is a derivative on K (X). We have the following
theorem.

Theorem A.10. [KW1] Let X,Y be Polish spaces, and let D: Y x K(X) —
K(X) be a parameterized Borel derivative. Then the set

Op = {(y,K) €Y x K(X): D*(K) =0}
is II} and the map (y, K) — |K|p, is a II}-rank on Qp.
Theorem A.10 will be frequently used in the following form.

Theorem A.11. Let X be a Polish space and let D,,: K(X) — K(X) (n € N)
be a sequence of Borel derivatives on K(X). Then the set

O={Ke K(X):DX(K)=0VneN}
is II1 and the map K — sup{|K|p, : n € N} is a I1}-rank on Q.

Proof. Let n € N be arbitrary. Applying Theorem A.10 for Y = {n} and
D = D,,, we see that the set Qp, = {K € K(X): D*(K) = 0} in IT{. Since
Q =0, 2, , we conclude that Q is ITj.
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For notational convenience we set ¢(K) = sup{|K|p, : n € N} for every
K € Q. Let Y = N be equipped with the discrete topology and consider
the map D: Y x K(X) — K(X) defined by D(n,K) = D,(K). Then D is a
parameterized Borel derivative. Invoking Theorem A.10 again, we see that the
map (n,K) — |K|p, = |K|p, is a IIi-rank on Qp. Let <y and < be the
associated relations. Observe that for every K € (2 we have

(HeQ)and ¢(H) < ¢(K) < VYneNImeNwith (n,H) <s (m, K)
< VneN3ImeNwith (n, H) <gg (m, K)
Hence ¢ is a IT{-rank on Q. The proof is completed. O

For the proof of Theorem A.10 we need some preliminary results. We start
with the following lemma.

Lemma A.12. Let X be a Polish space. Then the map [): K(X)N — K(X)
defined by N ((Kyn)) = N, Kn, is Borel.

Proof. By Proposition 1.4, it is enough to show that the set Ay = {(Kn) €
K(X)N:UnN (N, Kn) # 0} is Borel for every open subset U of X. So, let U
be one. Write U as |J,,, Fin where each F,, is closed. Notice that

(K,) € Ay & 3Im e NVn € N we have F,, N KoN---NK, #0.
Therefore, Ay is Borel. The proof is completed. O

Let o € 2Y%N | that is, a is the characteristic function of a binary relation
on N. The field F(a) of a is the set {n € N: a(n,n) = 1}. For every o € 28N
we define <,C N x N by

n <o men,me Fa) and a(n,m) = 1.

Let LO* be the subset of 28N consisting of all @ € 2¥*N with 0 € F(a) and
such that <, is a linear ordering on F'(«) with 0 as the least element. Notice
that the set LO* is closed in 2"V

ael0* & 0€ F(a)and (Vn € F(a) 0 <, n) and
Vn,m € F(a) [n <o m or m <, n] and
Vn,m € F(a) |
Vn,m,k € F(a) [n <o mand m <, k= n <, k.

n <o mand m <, n = n=m] and

Also let WO™ be the subset of LO* consisting of all « € LO* for which <,
is a well-ordering on F(a). For every & € WO™ by |a| we denote the unique
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countable ordinal which is isomorphic to (F'(a), <), where <, is the strict part
of <, on F(a), that is,

n<oem<<n#mandn <, m.

Notice that {|a| : @ € WO*} = wq \ {0}. It can be shown (but it is of no use
in the argument below) that the set WO™* is ITj and that the map a + |a] is a
IT{-rank on WO* (see [Ke, Theorem 34.4]).

We fix a Borel map h: LO* — LO* such that

(a) @ € WO™ if and only if h(a) € WO*, and
(b) for every & € WO™ we have |h(a)| = |a| + 1.
We are ready to proceed to the proof of Theorem A.10.
Proof of Theorem A.10. First we notice that the set Qp is IT} as
(y,K) ¢ Qp < 3H € K(X) [D(y,H) = H and H C K and H # 0].

It remains to show that the map (y, K) — |K|p, is a II{-rank on Qp. To this
end it is enough to find ¥1 relations R and S in LO* x Y x K(X) such that the
following properties are satisfied.

(P1) If (y, K) € Qp with K # ), then for every o € LO™ we have

(,y,K) € R& ac WO and |a| < |K|p,. (A1)

(P2) If & € WO, then for every (y,K) € Y x K(X) we have
(,y,K) €S« (y,K) € Qp and |[K|p, = |af. (A.2)
Indeed, assuming that the relations R and S have been defined, we complete

the proof as follows. We define <y and <y by
(z,H) <z (. K) & (K=0=H=0)and [(H=0)or
(Ja € LO* with [(a,y, K) € R and (a, z, H) € 5])]
and
(z,H) <y (y,K) & (K#0)and [(H=0)or
(3a € LO* with [(h(),y,K) € R and (o, 2, H) € S])]

Then <x, and <y are both 31! since the relations R and S are X1 and the map
h is Borel. Moreover, invoking properties (P1) and (P2) above, we see that for
every (y, K) € Qp we have

(2, H) € Qp and [H|p, < |Kp, & (2,H) <z (y, K)



134 APPENDIX A. RANK THEORY

and
(sz) € Q]D) and |H‘Dz < ‘K|Dy A (ZaH> <z (yaK)
By Fact A.3 we conclude that the map (y, K) — |K|p, is a ITj-rank on Qp.
We proceed to define the relations R and S. For the first one we set

(,y, K) € R & Jpe K(X)" with (p(O) = K and {Vm € F(a)

(p(m) # 0 and [m # 0 = p(m) € (| D(y,p(m)])])-

nam

By Lemma A.12 and our assumptions on the map D, we see that R is 1.
We will check that it satisfies property (P1). So let (y, K) € Qp with K #
and let o € LO™. For notational convenience we set ( = |K|p,. First notice
that if & € WO™ with |a| < ¢, then clearly (o, y, K) € R. Conversely, assume
that (a,y,K) € R. Let p € K(X)Y witnessing this fact. We observe that for
every m € F(a) with m # 0 there exists £ < ¢ such that (,,_ , D(y,p(n)) €
D5 (K). For if not, there would existed m € F(a) with m # 0 such that for
every £ < (
0#p(m)C (] D(y,p(n)) € D5H(K).

nam
This implies that
D (K) = () DS (K) 2 plm) # 0
£<¢
contradicting the fact that (y, K) € Qp. We define f: F(a) = {{: £ < (} as
follows. We set f(0) = 0. If m € F(«) with m # 0, then let

f(m) =least £ < ¢ such that ﬂ D(y,p(n)) ¢ D5T(K).

nagm

Claim A.13. For every m,k € F(«a) with m <, k we have f(m) < f(k).

Proof of Claim A.13. First we notice that for every k € F(«) with k # 0 we
have

() D(y,p(n)) € D(y,p(0)) = Dy (K).

n<ak
Hence f(k) > 0 = f(0). Thus, in what follows we may assume that m € F(«)
and m # 0. By the definitions of the relation R and the map f, we have

pm) S (] Dy.pn) < [ DEHE) =DJ(K).
n<am <f(m)
Hence D(y, p(m)) = Dy, (p(m)) C Dg(m)H(K) since Dy, is a derivative on K (X).
It follows that for every k € F(a) with m <, k we have ), . D(y,p(n)) C

D(y,p(m)) C Dg(m)H(K). By the definition of the map f, we conclude that
f(k) = f(m)+1> f(m). The claim is proved. O



135

By the above claim, the map f is order preserving from (F(a),<,) to .
Therefore, « € WO™ and |a| < ¢ = |K|p,. This completes the proof that the
relation R satisfies property (P1).

It remains to define the relation S. We set

(,y, K) €S & Fpe K(X)Y with (p(O) = K and [VmEF(a)

(p(m) # 0 and [m # 0 = p(m) = ) D(y,p(n))])}

nam

and () D(y,p(m)) = 10).

meF (a)

Invoking Lemma A.12 and the Borelness of the map D, we see that S is 31.
Moreover, it is easily verified that S satisfies property (P2). The proof of The-
orem A.10 is completed. [

We close this appendix by mentioning the following result which concerns
sets in product spaces with compact sections. Although it is not related to the
notion of a ITi-rank, it is a very useful tool for checking that various derivatives
are Borel. Its proof can be found in [Ke, Theorem 28.8].

Theorem A.14. Let X and Y be Polish spaces and let A CY x X such that
for every y € Y the section Ay, = {z € X : (y,xz) € A} of A at y is compact.
Consider the map ®4: Y — K(X) defined by ®4(y) = Ay. Then the set A is
Borel if and only if ® 4 is a Borel map.
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Appendix B

Banach space theory

B.1 Schauder bases

Definition B.1. A sequence (z,,) in a Banach space X is said to be a Schauder
basis of X if for every x € X there exists a unique sequence (ay,) of scalars such
that © = 3 . anZn. A sequence (x,) which is a Schauder basis of its closed
linear span is called a basic sequence.

Let (z,,) be a Schauder basis of a Banach space X. By (z7) we shall denote
the sequence of bi-orthogonal functionals associated to (x,). For every subset
F of N by Pp we shall denote the natural projection onto span{z, : n € F}.
The basis constant of (x,,) is defined to be the number sup{|| Pyo,... n}|| : 7 € N}.
If £ =3, cn@nTy is a vector in X, then the support of x, supp(x), is defined
to be the set {n € N: a, # 0}.

Definition B.2. Let (x,,) be a Schauder basis of a Banach space X and C > 1.

(1) The basis (xy,) is said to be monotone if its basis constant is 1. It is said
to be bi-monotone if ||Pr|| =1 for every interval I of N.

(2) The basis (x,,) is said to be C-unconditional if ||Pr|| < C for every subset F'
of N. The basis (x,,) is said to be unconditional if it is K-unconditional
for some K > 1.

*

(8) The basis (xy,) is said to be shrinking if the sequence () of bi-orthogonal
functionals associated to (xy,) is a Schauder basis of X*.

(4) The basis (x,) is said to be boundedly complete if for every sequence (ay,)
of scalars such that sup {|| Z::o antn | i k € N} < 400 we have that the
series ), N GnTy CONVETJES.

137
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(5) A sequence (vg) in X is said to be block if max{n : n € supp(vk)} <
min{n : n € supp(vit1)} for every k € N.

Two sequences (z,,) and (y, ), in two Banach spaces X and Y respectively, are
said to be C-equivalent, where C' > 1, if for every k € N and every aq, ...,ar € R
we have

k k k
1
o 12 anvnlly <UD anzally <O (13 anyally-
n=0 n=0 n=0

The following stability result is classical and asserts that basic sequences are
invariant under small perturbations.

Proposition B.3. Let X be a Banach space and let (x,,) be a normalized basic
sequence in X with basis constant K > 1. If (y,)L_, is a finite sequence in X

such that
1 1

2K 2n+2
for every n € {0, ..., 1}, then (yn)l—, is 2-equivalent to (x,)!_,.

[2n —ynll <

B.2 Operators on Banach spaces

Let X,Y be Banach spaces, and let £(X,Y") be the Banach space of all bounded
linear operators from X to Y. For every T € L(X,Y) by T* € L(Y™*, X*) we
shall denote the dual operator of T' defined by

T*(y*)(z) = y*(T(z)) for every z € X.
We recall the following classes of operators.
Definition B.4. Let X and Y be Banach spaces and let T € L(X,Y).
(1) T is said to be a finite rank operator if dim(7T(X)) < oo.

(2) T is said to be a compact operator if T(Bx) is a relatively compact subset
of Y.

(3) T is said to be a weakly compact operator if T(Bx) is a relatively weakly
compact subset of Y.

(4) T is said to be a strictly singular operator if for every infinite-dimensional
subspace Z of X the operator T: Z — 'Y is not an isomorphic embedding.

Clearly every finite rank operator is compact and every compact operator is
weakly compact. Strictly singular operators possess some of the strong stability
properties of compact operators (they form, for instance, an operator ideal)
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though they are not well-behaved under duality, as the dual operator of a strictly
singular one is not necessarily strictly singular. The following result, due to
Kato, shows that strictly singular operators are very “near” to the compact
ones (see [LT, Proposition 2.c.4]).

Proposition B.5. Let X and Y be Banach spaces. Let T € L(X,Y) be an
operator such that the restriction of T to any finite co-dimensional subspace Z
of X is mot an isomorphic embedding. Then for every € > 0 there exists an
infinite dimensional subspace Z of X such that T|z is compact and ||T|z|| < €.
Moreover, if X has a Schauder basis (x,,), then Z can be chosen to be a block
subspace.

The following useful fact is related to Proposition B.5, and it is essentially
a Ramsey-type statement.

Lemma B.6. Let X be a Banach space and let Y be a closed subspace of X.
Then for every subspace Z of X there exists a further subspace Z' of Z such
that Z' is isomorphic either to a subspace of Y or to a subspace of X/Y.

In particular, if Y, Xo,..., X, are Banach spaces and T:Y — Zi:o OX,
18 a continuous linear operator which is not strictly singular, then there exist a
subspace Y of Y and i € {0,...,k} such that the operator P,oT:Y' — X; is
an isomorphic embedding, where P;: Zﬁ:o ©& X, — X; stands for the natural
projection.

B.3 Interpolation method

Definitions and basic properties

Let (X, || -]|) be a Banach space and let W be a closed, convex, bounded and
symmetric subset of X. For every n € N with n > 1 let || - ||,, be the Minkowski
gauge of the set 2"W + 27" By ; that is,

2]l = inf {A >0 § €2"W +2"Bx}.

Clearly || - ||, is an equivalent norm on X. Let 1 < p < +oo. For every z € X

we define
oo 1/
2l = (D2 llzll) (B.1)
n=1

We notice that the map | - |, is not necessarily a norm on X (and, in fact, it is
not for most interesting cases). It is, however, a norm on the vector subspace of
X consisting of all x € X for which |z|, < +occ. This is essentially the content
of the following definition due to Davis, Fiegel, Johnson and Pelczynski.
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Definition B.7. [DFJP] Let X, W and 1 < p < 400 be as above. The
p-interpolation space of the pair (X, W), denoted by A, (X, W), is defined to be
the vector space

{r e X :|z|, < +o0}
equipped with the | - |, norm.

By J: (Ap(X,W),|-|p) = (X, ]| - ||) we denote the inclusion map. Respec-
tively, for every n € N by Jp: (Ap(X,W),|-|,) = (X,] - |ln) we denote the
inclusion map.

For every pair (X, W) as above and every 1 < p < 400 consider the space

7= (et ),

The space (Ap(X, W), |- |p) is naturally identified with the “diagonal” subspace
A={(z,z,...) € Z:x € X} of Z via the isometry

(A (X, W), |p) Dz (x,2,...) €A

It follows that the p-interpolation space of the pair (X, W) is a Banach space.
This fact is isolated in the following proposition, in which we also gather some
basic properties of the interpolation space.

Proposition B.8. Let (X, || - ||) be a Banach space, let W be a closed, convez,
bounded and symmetric subset of X, and let 1 < p < +oo. We set Y =
(AL(X, W), |- |p). Then the following hold.

(i) W C By-.

(ii) The space Y is a Banach space and J is continuous.

(iii) The operator J**: Y** — X** is one-to-one and (J**)"}(X) =Y.
(iv) The space Y is reflexive if and only if W is weakly compact.

(v) Let Tx and 7y be the relative topologies on By of (X,w) and (Y, w) respec-
tively. Then Tx = Ty .

(vi) The operator J*: X* — Y™ has norm dense range.

Parts (i)—(v) in the above proposition are essentially the content of [DFJP,
Lemma 1]. Part (vi) is also well-known. It is a consequence of the fact that the
operator J** is one-to-one.



B.4. LOCAL THEORY OF INFINITE-DIMENSIONAL SPACES 141

Spaces with a Schauder basis

In what follows let X denote a Banach space with a Schauder basis (x,). For
every n € N let P, be the natural projection onto span{zj : k < n}. Also
let W be a closed, convex, bounded and symmetric subset of X. The following
proposition provides sufficient conditions on W so that the p-interpolation space
A, (X, W) will have a basis.

Proposition B.9. [DFJP] Let X and W be as above and 1 < p < +o0.
Assume that P, (W) C W and Az, € span{W} for some A\, € R and every
n € N. We set 2z, = J () for every n € N. Then the sequence (z,) is a
monotone Schauder basis (not normalized) of A,(X,W). Moreover, if (x,,) is
shrinking, then so is (zp).

Now assume that X is a Banach space with a shrinking Schauder basis (x,).
Let W be a closed, convex, bounded and symmetric subset of X. If W is weakly
compact, then, by part (iv) of Proposition B.8, for every 1 < p < +oo the space
A, (X, W) is reflexive. However, the space A, (X, W) does not necessarily have
a basis unless W satisfies P, (W) C W for every n € N. The following lemma
shows that we can assume that W has this property without harming the basic
topological assumption on W.

Lemma B.10. [DFJP] Let X be a Banach space with a shrinking Schauder
basis (x,) and let W be a weakly compact subset of X. Then the set

W =wu ] P.(W)
neN

18 also weakly compact.

B.4 Local theory of infinite-dimensional Banach
spaces

Let X and Y be two isomorphic Banach spaces (not necessarily infinite dimen-
sional). The Banach—-Mazur distance between X and Y is defined by

d(X,Y)=inf{||T||- |T7"|: T: X — Y is an isomorphism}. (B.2)

Now let A > 1. An infinite-dimensional Banach space X is said to be a
Lo x-space if for every finite-dimensional subspace F' of X there exists a finite-
dimensional subspace G of X with FF C G and such that d(G, %) < A, where
n = dim(G). The space X is said to be a Lo a4 -space if X is a L p-space for
any 6 > A. Finally, the space X is said to be a Lo-space if X is a L. x-space
for some A > 1. The class of L..-spaces was introduced by Lindenstrauss and
Pelezyniski [LP1].
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It follows readily by the above definition that if X is a separable
Lo r-space, then there exists an increasing (with respect to inclusion) sequence
(G,) of finite-dimensional subspaces of X with |J,, G, dense in X and such that
d(Gp, 02) < A\, where m,, = dim(G,,) for every n € N. It is relatively easy to
see that this property actually characterizes separable £,-spaces. Precisely, we
have the following fact.

Fact B.11. Let X be a separable Banach space and \ > 1. Assume that there
exists an increasing sequence (F,) of finite-dimensional subspaces of X with
U,, Frn dense in X and such that d(F,,l2") < X, where m,, = dim(F,,). Then
X is a Lo r4-Space.

Recall that if F' is a finite-dimensional subspace of a Banach space X such
that d(F,¢2) < A, where n = dim(F"), then there exists a projection P: X — F
with ||P|| < A2. Therefore, every separable £..-space has a finite dimensional
decomposition. In fact, the following stronger structural property is valid due
to Johnson, Rosenthal and Zippin.

Theorem B.12. [JRZ] Every separable L..-space has a Schauder basis.

The book of Bourgain [Bou3] contains a presentation of the theory of
Lo-spaces and a discussion of many remarkable examples. Further structural
properties of L.-spaces, and in particular refinements of Theorem B.12, can be
found in [Ro4].

B.5 Theorem 6.13: the Radon—Nikodym prop-
erty

Our aim in this section is to complete the proof of Theorem 6.13. In particular,
we will show the following.

Let 0 < n < 1. Let (Fy,jn) be a system of isometric embeddings where the
sequence (Fy,) consists of finite-dimensional Banach spaces and for every n € N
the isometric embedding j,: F,, — F,y1 is n-admissible. Then the inductive
limit of the system (Fy, j,) has the Radon—Nikodym property.

The Radon—Nikodym property can be defined in many equivalent ways, either
geometric or probabilistic. We refer to the monograph of Diestel and Uhl [DU]
for more details. We will use, below, the following probabilistic characteriza-
tion: a Banach space X has the Radon—Nikodym property if and only if for
every probability space (Q, %, u) and every martingale (My) in Li(u, X) sat-
isfying supy, [ || M|l dp < +o00, the martingale (M) converges in X p-almost
everywhere.
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The following definition, due to Bourgain and Pisier, will be our basic con-
ceptual tool.

Definition B.13. [BP] Let X be a Banach space, let Y be a subspace of X
and denote by q: X — X/Y the natural quotient map. Also let § > 0. We
say that Y is d-well-placed inside X if for every probability space (Q,%, ) and
every f € Li(p, X) with [ fdu € Y we have

/Ilf\ldu > ||/fduH +5/||qof||cm. (B.3)

We will isolate some basic properties of §-well-placed subspaces. To this end,
we recall the following standard notation. Given a probability space (Q, %, u),
a sub-c-algebra ¥’ of ¥, a Banach space Z and a function g € Li(u, Z), by
E(g|X’) we shall denote the conditional expectation of g relative to 3.

Lemma B.14. [BP] Let X be a Banach space, let Y be a subspace of X and
denote by q: X — X/Y the natural quotient map. Let 6 > 0 and assume that Y
is 6-well-placed inside X. Let (2,3, ) be a probability space. Then the following
are satisfied.

(1) For every g € L1(p, X) we have

/||9||dﬂ> H/gduH+5/Ilqog|\du—(2+5)-Hq(/gdu)ll-

(ii) If X' is a sub-o-algebra of 3, then for every g € Li(u, X) we have
E(llgll[Z) = [E(g |2 +6-E(llgogll|X) = (2+6) - [goE(g[Z)]|
w-almost everywhere.

(iii) If X' is a sub-o-algebra of X, then for every g € Ly(p, X) we have
Jlstian> [E@I=)dn+s [llaogldn-@+5) [ laoE] =) dn

Proof. (i) Let g € L1(p, X) and set = [ gdu. Also let € > 0 be arbitrary. We
select y € Y such that

Iz =yl < llg(@)[| + & (B.4)

Define f € Li(u,X) by f = g — (z — y)1g and notice that [ fdu =y € Y.
Applying inequality (B.3) to f, we obtain that

/ 11l d > gl + 6 / lgog— a()] du. (B.5)
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Since g = f — (y — x)1g and y = = — (z — y), we see that
Jlslidu= [ 1f1du =z =, (B.6)

1yl = llz]| = [l =yl (B.7)

Finally, notice that

/IIqoy—tJ(x)Hdu>/quglldu—llfJ(w)H- (B.8)

Combining, successively, inequalities (B.6), (B.5), (B.7), (B.8) and (B.4), we
conclude that

/Ilglldu> H/gduH+5/IIqoglldu—(2+5)'Hq(/gdﬂ)u—%-

Since € > 0 was arbitrary, the proof of part (i) is completed.

(ii) Notice that if g is a simple function, then the desired estimate follows by the
inequality obtained in part (i). The general case follows using this observation
and a standard approximation argument.

(iii) Follows immediately by integrating the estimate in part (ii). The proof is
completed. O

The link between the notion of a d-well-placed subspace and the notion of
an n-admissible embedding (see Definition 6.7) is given in the following lemma.

Lemma B.15. [BP] Let 0 < n < 1 and let X, X' be Banach spaces. Also let
J: X — X' be an isometric embedding. Assume that J is n-admissible. Then
J(X) is (1 — n)-well-placed inside X'.

It is easy to see that Lemma B.15 implies Lemma 6.11. The proof given
below shows that Lemma B.15 is actually equivalent to Lemma 6.11.

Proof of Lemma B.15. Let ¢: X’ — X'/J(X) denote the natural quotient map.
Also let (2,%, 1) be a probability space, and let f € Li(u, X’) be a simple
function with [ fdp € J(X). Then inequality (6.2) can be reformulated as

[t | [ raul+a-w [lao fdn

In other words, inequality (6.2) implies inequality (B.3) for simple functions.
The general case follows by a standard approximation argument. Indeed, let
f € Li(p, X') such that [ fdu € J(X). We may select a sequence (f,) in
Li(u, X') consisting of simple functions, such that f,, — f p-almost everywhere
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and [ ||fn — f||dw — 0. By passing to a small perturbation of each f,, we may
assume that [ f, du € J(X). Hence,

/Ilfnl\du> H/fnduHJr(l—n)/||q0fn||du

for every n € N. Taking the limit as n — oo and using the dominated conver-
gence theorem, inequality (B.3) follows. The proof is completed. O

We are ready to proceed to the proof of Theorem 6.13.

Proof of Theorem 6.13: the Radon—Nikodym property. Fix 0 < n < 1 and a sys-
tem (F,,, jn) of isometric embeddings such that each F, is finite-dimensional and
for every n € N the isometric embedding j,: F,, — Fj,4+1 is n-admissible. Let
X be the inductive limit of the system (F}, j).

As in Section 6.3, we start by making some simple observations. In particu-
lar, we view the sequence (F},) as being an increasing (with respect to inclusion)
sequence of finite-dimensional subspaces of X such that |J,, F), is dense in X.
For every n € N by ¢,: X — X/F, we shall denote the natural quotient map,
while for every pair n,m € N with n < m by I(n,m): F,, — F,, we shall denote
the inclusion operator. As the isometric embedding I(n,n + 1): F,, — F,41 is
n-admissible for every n € N, by Lemma 6.9, we see that the isometric embed-
ding I(n,m) is also n-admissible for every pair n,m € N with n < m. Applying
Lemma B.15, we see that F,, is (1 — n)-well-placed inside F,,,. Using a standard
approximation argument, we obtain the following basic fact.

Fact B.16. For every n € N the space F,, is (1 — n)-well-placed inside X .

We are now in the position to argue that the space X has the Radon-
Nikodym property. So, let (2,%, 1) be a probability space and let (X)) be
an increasing sequence of sub-o-algebras of 3. Let (M) be a martingale in
Li(u, X) adapted to (X;) and assume that

sup/ | M| dp = C < 0. (B.9)
k
We have to show that (M}) converges in X p-almost everywhere. The main

claim is the following.

Claim B.17. [BP] We have

lim lim /anoMkHd,u:O (B.10)

n—00 k— o0

Proof of Claim B.17. Fix [ € N. Notice that lim,, ¢, o M; = 0 p-almost every-
where. Therefore,

lim / lgn o My dpu = 0. (B.11)
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Let n € N be arbitrary. Also let k& > [ be arbitrary. Then E(My |%;) = M.
By Fact B.16, the subspace F), is (1 — n)-well-placed inside X. Hence, applying
part (iii) of Lemma B.14 to Y = F,,, g = M}, and ¥’ = X;, we obtain that

/||Mk||du>/||Mz\|du+<1—n>/||qnoMk||du—<3—n>/||qnoMl||du.

Taking the limit superior above first in &, then in n and finally in [ and using
(B.11), we conclude that

0=>(1-n) limsuplimsup/ llgn © Mgl du > 0.

n—oo  k—oo

The claim is proved. O

Let Y be a subspace of X and denote by @Q: X — X/Y the natural quotient
map. Notice that the sequence (Q o My) is a martingale in L;(u, X/Y) adapted
to (Xg). For every k € N we set g = ||Q o Mg|| € L1(p,R). The norm || - || of
X/Y is a convex function, and so, the sequence (gx) is a sub-martingale. That
is, for every k € N the inequality E(gg+1|2k) = gx holds u-almost everywhere.
Moreover, condition (B.9) reduces to the fact that supy [|gx|dp < C < +o0.
Hence, by [Bi, Theorem 35.5], we obtain the following fact.

Fact B.18. The following hold.
(1) The sequence (||Mg]|) is convergent u-almost everywhere.

(ii) For every n € N the sequence (||g, o My||) is convergent p-almost every-
where.

For every n € Nlet h,, = supy, ||gn o Mj||. Notice that for p-almost all w € Q2
the sequence (hn (w)) is decreasing and, consequently, its limit exists.

Claim B.19. We have lim h,, = 0 p-almost everywhere.

Proof of Claim B.19. Assume, towards a contradiction, that the claim is false.
Hence we may find A € ¥ and ¢, > 0 such that

(a) p(A) =¢c and
(b) hp(w) > 0 for every n € N and every w € A.
Moreover, by part (ii) of Fact B.18, we may assume that

(c) the sequence (||g, 0 My (w)||) is convergent for every n € N and every w € A.
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Fix w € A. For every n € N we select k, € N such that |g, o My, (w)| > 0.
Notice, first, that there exists an infinite subset L of N such that k, # k., for
every n,m € L with n # m. For if not, by Ramsey’s theorem, there would
existed an infinite subset M of N and k € N such that k,, = k for every n € M.
This clearly contradicts the fact that lim, ||g, o My (w)|| = 0.

Now let n € N and m € L with n < m. The sequence (F},) is increasing
with respect to inclusion, and so,

lgn © My, (W) = [lgm © My, (w)|| > 6
by the choice of k,,. Therefore, for every w € A and every n € N the set
{keN: g0 Mu(w)] > 6}
is infinite. Invoking property (c) above, we obtain that

(d) for every w € A and every n € N there exists [,, € N (depending on w) such
that ||gn o My(w)|| > 6 for every k € N with k& > [,,.

Combining properties (a) and (d) isolated above, we see that

lim lim/||qnoMk||du>505>0.
k—o0

n—oo

This contradicts Claim B.17. The claim is proved. O

Claim B.20. For p-almost all w € Q the set {M(w) : k € N} is a relatively
norm compact subset of X.

Proof of Claim B.20. Let w € € be such that
(a) limh,(w) =0 and
(b) sup{||My(w)]| : k € N} < +o0.

We will show that the set { M} (w) : k € N} is relatively norm compact. By part
(i) of Fact B.18 and Claim B.19, this will finish the proof.

To this end we will argue by contradiction. So assume that there exist an
infinite subset L of N and ¢ > 0 such that

| My (w) — My(w)|| > € (B.12)

for every k,l € L with k # [. Since lim h,(w) = 0, there exists ng € N with
hno (w) < €/4. Tt follows that for every k € L we may find zj € F,, such that

|z — Myu(w)| < &/4. (B.13)



148 APPENDIX B. BANACH SPACE THEORY

The sequence () rer is bounded and the space F),, is finite-dimensional. There-
fore, there exists an infinite subset M of L such that

lze — x| < e/4 (B.14)

for every k,l € M with k # [. Combining (B.13) and (B.14), we see that
|| M (w) — M (w)]|| < 3e/4 for every k,l € M with k # . This clearly contradicts
(B.12). The claim is proved. O

Now let (z}) be a sequence in By~ which separates the points in X. Invoking
(B.9), we see that for every i € N the sequence (z; o Mj},) is a bounded martingale
in Ly (p, R). Hence, by [Bi, Theorem 35.5], we obtain that

(P) for every ¢ € N the sequence (x} o My,) is convergent p-almost everywhere.

Combining Claim B.20 and property (P) isolated above, we conclude that the
martingale (M}) must be convergent in X p-almost everywhere. This shows that
the space X has the Radon—Nikodym property. The proof of Theorem 6.13 is
completed. O
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The Kuratowski—Tarski
algorithm

We will frequently need to compute the complexity of a given set. To this
end we will follow a method, employed by logicians, which is known as the
Kuratowski—Tarski algorithm (see [Mo] and [Ke]).

We will comment on the method which relies on the use of logical notations
in defining sets and functions. For instance, let X be a Polish space, and let P(x)
and Q(x) be expressions defining A and B respectively, i.e., A = {x € X : P(x)}
and B = {z € X : Q(z)}. Then the expression “P(z) and Q(x)” defines the
set AN B, the expression “P(x) or Q(z)” defines the set AU B while “-~P(x)”
defines the set A°. In other words, conjunction corresponds to intersection,
disjunction to union and negation to complementation.

Now let X and Y be Polish spaces and let P(z,y) be an expression, where
x varies over X and y varies over Y, defining the set A = {(z,y) : P(z,y)}. In
this case, the expression “Jy € Y with P(z,y)” defines the set B = projy A.
That is, existential quantification corresponds to projection. On the other hand,
universal quantification corresponds to the operation of co-projection since the
expression “Vy € Y we have P(z,y)” defines the set B = (projy A°)°.

We will illustrate by an example the above remarks. So, let X, Y and Z be
Polish spaces and let P(z,y,2) and Q(z,y) be expressions defining two Borel
subsets of X XY x Z and X X Y respectively. Consider the subset A of X
defined by

x € Ae 3z € Z with [Vy € Y we have P(z,y,z) < Q(z,y)].
The expression “P(z,y,z) < Q(x,y)” is equivalent to
“[P(x,y,2) and Q(z,y)] or [-P(x,y,z) and =Q(x,y)]”
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and so, it defines a Borel subset A; of X x Y x Z. The formula
“Yy € Y we have P(z,y,2) & Q(z,y)”

defines the co-projection Ay of A;. Hence Aj is IT. As the final quantifier is
existential, we conclude that the set A is the projection of Ao, and so, A is 31.

We point out that it is the reasoning behind the above mentioned method
which justifies the use of the notation X2, Hg, Ag (1<€é<w)and LTI AL
(n = 1) for the Borel and projective classes respectively. We refer to [Mo] and
the references therein for a detailed explanation.
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Open problems

1. Let X be a Banach space with property (S) (see Definition 2.28) and with a
Schauder basis. Let (e, ) be a normalized Schauder basis of X. By Theorem 2.29,
there exists a map ¢x: w1 X w; — wy such that for every &, < w; and every
Y,Z € NCx with o(Txc(Y, X, (e5))) = € and o(Txnc(Z, X, (en))) = ¢ we have

o(Tne(Y @ Z, X, (en))) < dx(&,0)-

Problem 1. Let X be a Banach space with property (S) and with a Schauder
basis. Find an explicit upper bound for the map ¢x .
Of particular importance are the cases “X = 3" and “X = C(2V)".

2. Consider the class
SSD = {X € SB: X** is separable}.
For every X € SSD let
¢ssp(X) = max {Sz(X), Sz(X*)}.

The map SSD > X ~ pgsp(X) behaves like a ITi-rank for most practical
purposes (see [D1]).

It turned out that the rank ¢ggp is also well-behaved when restricted on
the class REFL of separable reflexive Banach spaces. For instance, Odell,
Schlumprecht and Zsék [OSZ] have shown that for every countable ordinal £
the class {X € REFL : pgsp(X) < £} is analytic.

Problem 2. Is the map REFL 3 X +— ¢ssp(X) a II}-rank on REFL?

3. Let (e,) be a normalized Schauder basis of C(2Y). By Corollary 6.28, there
exists a map f: wi; — wj such that for every countable ordinal &, every separable
Banach space X with o(Tnc (X, C(2Y), (e,))) < € embeds into a Banach space
Y with a Schauder basis satisfying o(Txc(Y, C(2V), (e,))) < f().
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Problem 3. Find an explicit upper bound for the map f.

4. Let C be a ITj strongly bounded class of separable Banach spaces. Also let
¢c: C — wi be a canonical ITi-rank on C. For every £ < w; we set

Cc=1{ZeC:e(2) <€}

and
uc(§) =min {¢¢(Y) : Y € C and is universal for the class Ce}.

Notice that uc(§) is well-defined.

Problem 4. Find explicit upper bounds for the maps urgry, Usp, uNnu and
uncy where X is a minimal Banach space not containing ¢1.

No bounds are known for uny and uxc, . The problem of estimating the values
of these maps is related to Problems 1 and 3.

For the classes REFL and SD there are two results which provide almost
optimal upper bounds for the corresponding maps urgrr, and usp. The first
one is due to Odell, Schlumprecht and Zsak and deals with separable reflexive
spaces.

Theorem D.1. [OSZ] Let £ < wy. Then there exists a separable reflexive space
Y satisfying max {SZ(Y), SZ(Y*)} < W&t gnd containing an isomorphic copy
of every separable reflexive space Z satisfying max {SZ(Z), SZ(Z*)} < wiv.

The second result is due to Freeman, Odell, Schlumprecht and Zsdk and deals
with Banach spaces with separable dual.

Theorem D.2. [FOSZ] Let £ < wy. Then there exists a separable Banach
space Y satisfying Sz(Y) < w“*! and containing an isomorphic copy of every
separable space Z satisfying Sz(Z) < ws¥.

5. By Theorem 7.18, the class NCx is strongly bounded for every minimal
Banach space X not containing ¢;. The following problems are related to the
natural question whether the class NCy, is also strongly bounded.

Problem 5. Is it true that every separable Banach space X not containing a
copy of €1 embeds into a space Y with a Schauder basis and not containing a
copy of 417

Problem 6. Let (e,) be the standard unit vector basis of £1. Does there exist
a map g: w1 — wy such that for every countable ordinal £ and every separable
Banach space X with O(TNC (X, 4y, (en))) < € the space X embeds into a Banach
space Y with a Schauder basis satisfying O(TNC(Y,El, (en))) <g§)?

Problem 7. Is the class NCy, strongly bounded?
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We notice that an affirmative answer to Problem 6 can be used to provide an
affirmative answer to Problem 7. (To see this combine Theorem 2.17, Lemma
2.25 and Theorem 7.17.)

It seems reasonable to conjecture that Problems 5, 6 and 7 have an af-
firmative answer. Our optimism is based on the following facts. Firstly, by
Theorem 7.17, Problem 7 is true within the category of Banach spaces with a
Schauder basis. Secondly, the “dual” versions of Problems 6 and 7 also have an
affirmative answer. Specifically, denoting by (e, ) the standard unit vector basis
of /1, we have the following theorem.

Theorem D.3. [D4] There exists a map f: wy — wy such that for every count-
able ordinal £ and every separable Banach space X with O(TNc(X, £y, (en))) <é,
the space X is a quotient of a Banach space Y with a Schauder basis satisfying

o(Txc(Y, 41, (en))) < f(8).
Theorem D.4. [D4] Let C C SB. Then the following are equivalent.

(1) There exists a separable Banach space Y not containing a copy of €1 and
such that every space X € C is a quotient of Y.

(if) We have sup {o(Tnc(X, 01, (en))) : X € C} < wy.
(iii) There exists an analytic subset A of NCy, such that C C A.

6. Let
S ={X € SB: X has a Schauder basis}.

By Lemma 2.25, the class S is analytic.

Problem 8. Is the class S analytic non-Borel?
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